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1. Introduction

The study of Gorenstein homological algebra has become a central topic in modern
representation theory and commutative algebra, offering powerful frameworks for investi-
gating homological properties; see [1,9,14]. Among these tools, the concepts of transpose
and k-torsionfree modules play a fundamental role, especially within the framework of
Auslander—Reiten theory; see [1,4,22]. Meanwhile, ring extensions, such as Frobenius ex-
tensions (cf. 2.5) and their generalizations, provide a natural framework to examine how
these homological properties are affected by changes of rings.

Buchweitz [6, 8.2] observed that for the integral group ring extension Z — ZG of a
finite group G, a finitely generated left ZG-module is Gorenstein projective if and only if
its underlying Z-module is Gorenstein projective, equivalently, free as a Z-module. The
ring extension Z — ZG is a classical example of a Frobenius extension [25]. Building
on this, Chen [7] introduced a generalization of Frobenius extensions and proved that
finitely generated Gorenstein projective modules transfer well along such extensions.
This motivated Ren [31] and Zhao [38] to study arbitrary (not necessarily finitely gen-
erated) Gorenstein projective modules within the framework of Frobenius extensions.
Furthermore, the author and Ren [29] systematically studied the ascent and descent of
Gorenstein homological properties, providing equivalent characterizations of such prop-
erties for a ring homomorphism ¢: R — A under mild assumptions.

Recently, Zhao [39] established an interesting result: for a Frobenius extension ¢: R —
A, a finitely generated left A-module is k-torsionfree if and only if it is k-torsionfree as
a left R-module. Recall that a finitely generated left R-module M is k-torsionfree if
Exth(Trr(M), R) = 0 for all 1 < i < k, where Trr(M) denotes the transpose of M over
R (cf. 2.1).

In Section 3, we investigate how the transpose behaves along ring homomorphisms.
Let M be a finitely generated left A-module. Our first main result, Theorem 1.1, es-
tablishes a close connection between the classical transpose of M over A, denoted by
Tra (M), and the Gorenstein transpose (cf. 3.1) of the n-th syzygy of M over R, denoted
by Tr(Q%(M)), introduced by Huang and Huang [19] under change of rings. We point
out that it is quite different from the characterization of the Gorenstein transpose via
the classical transpose in [19], as well as from the result presented in [37]; see discus-
sions in Remark 3.8. Theorem 1.1 provides a direct approach to Zhao’s result [39], in
contrast to Zhao’s original proof, which relies on the characterization of k-torsionfree
modules via projective approximations, as established by Auslander and Bridger [1]; see
Corollary 1.2.

Theorem 1.1 (See 3.7). Let p: R — A be a finite ring homomorphism, where R is
a Noetherian ring. Suppose that A, viewed as a left R-module, has finite Gorenstein
projective dimension, and that there exists n > 0 such that EX‘C%(A, R) =0 for alli # n.
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Then for each finitely generated left A-module M and the transpose Tr4 (M), there exists
a short exact sequence

0— K — TrG(QU3(M)) — Tra(M) @4 Exth(A,R) — 0
of right R-modules, where the projective dimension of K is at most n — 1.

In the above result, a module with projective dimension at most —1 is, by convention,
the zero module.

As an application of Theorem 1.1, we obtain Corollary 1.2, which generalizes Zhao’s
result [39] on k-torsionfreeness. Specifically, Zhao established the case n = 0 in Corol-
lary 1.2(1) under a stronger assumption that ¢ is a Frobenius extension. It is worth
emphasizing that a Frobenius extension requires A to be projective as both a left and
right R-module, and Hompg(A, R) to be projective as a left A-module. In contrast, our
assumptions are significantly weaker and are satisfied by a broader class of ring ho-
momorphism, such as Frobenius extensions, homomorphisms between Gorenstein local
rings, complete intersection maps; see Section 4 for further details.

Corollary 1.2 (See /.5). Let ¢: R — A be a finite ring homomorphism, where R is
a Noetherian ring. Suppose that A, viewed as a left R-module, has finite Gorenstein
projective dimension, and that there exists n > 0 such that Extlé(A, R) =0 foralli#mn,
and Ext'y (A, R) is projective as a left A-module. Then for each finitely generated left
A-module M and k > 0, we have:

(1) If n =0, then M s k-torsionfree over A if and only if it is k-torsionfree over R.

(2) Suppose n > 1 and R is commutative. If the n-syzygy QUx(M) of M over R is
(k + n)-torsionfree over R, then M is k-torsionfree over A. The converse holds if
R, is Gorenstein for all prime ideals p of R with depth(R,) <n —1.

We also investigate the (left) quasi k-Gorenstein rings introduced by Huang [20]. As
shown by Huang, for a Noetherian algebra, the quasi k-Gorensteinness can be charac-
terized by the extension closedness of the category of k-torsionfree modules. Recently,
Dey and Takahashi [12] observed that, for a commutative Noetherian ring R with depth
t, the Gorensteinness of R can be detected by the extension closedness of the category
of (t 4 1)-torsionfree modules.

In Section 5, we introduce the notion of quasi-faithfully flat extensions (cf. Defini-
tion 5.3) and establish Theorem 1.3 concerning the extension closedness of the category
of k-torsionfree modules under change of rings. We also prove that if R is a Frobenius
algebra over a field k, then any k-algebra homomorphism ¢: R — A is a quasi-faithfully
flat extension; see Example 5.5. When the ring homomorphism ¢ is further assumed to
be a Frobenius extension, the forward implication of Theorem 1.3 was previously ob-
tained by Zhao [39]. It is worth mentioning that the assumption of Theorem 1.3 does
not necessarily imply that A is projective as an R-module; see Example 5.12.
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Theorem 1.3 (See 5.9). Let ¢: R — A be a finite ring homomorphism such that ¢ is
quasi-faithfully flat, where R is a Noetherian ring. Suppose that A, viewed as a left R-
module, is Gorenstein projective, and Hompg(A, R) is projective as a left A-module. Then
for each k > 0, the category of k-torsionfree left R-modules is extension closed if and
only if so is the category of k-torsionfree left A-modules.

Combining with Huang’s characterization [20] of the quasi k-Gorensteinness, Corol-
lary 1.4 is a consequence of Theorem 1.3. An application of Corollary 1.4 is an affirmative
answer to a question posed by Zhao concerning quasi k-Gorensteinness when the Frobe-
nius extension is between Noetherian algebras; see Corollary 5.19. In general, Huang
[20] observed that the notation of quasi k-Gorensteinness is not left-right symmetric.
However, by applying Corollary 1.4, we could give sufficient conditions that ensure the
left-right symmetry of quasi k-Gorensteinness; see Remark 5.17.

Corollary 1.4 (See 5.16). Let R and A be two Noetherian algebras, and p: R — A be a
finite ring homomorphism such that ¢ is a quasi-faithfully flat extension. Suppose that
A, viewed as a left R-module, is Gorenstein projective, and Hompg(A, R) is projective as
a left A-module. Then for each k > 0, the ring R is left quasi k-Gorenstein if and only
if so is A.

In Section 6, we study the finite representation type of k-torsionfree modules along a
ring homomorphism. Let ¢: R — A be a separable split Frobenius extension. Assume
that the Krull-Remak—-Schmidt theorem holds for both finitely generated left R-modules
and finitely generated left A-modules; this is satisfied, for instance, when R and A are
left Artinian rings or Henselian local rings. Under these assumptions, the category of k-
torsionfree left R-modules has finite representation type if and only if the same holds over
A; see Proposition 6.6. A similar equivalence holds for CM finiteness; see Remark 6.7.

Let A be a left Artinian ring, and let G be a finite group acting on A. Suppose that
|G| is invertible in A. Then, for each k& > 0, an application of Proposition 6.6 shows that
the category of k-torsionfree over the skew group ring AG has finite representation type
if and only if the same holds over A. Furthermore, the skew group ring AG is CM-finite
if and only if A is CM-finite; see Corollary 6.9.

Acknowledgments. The author would like to thank Souvik Dey, Xuesong Lu, and Yaohua
Zhang for their discussions related to this work. The author would like to thank the
anonymous referee for pointing out the bimodule structure in 3.2 and for providing
valuable comments and suggestions, which have improved the paper. The author was
supported by the National Natural Science Foundation of China (No. 12401046) and
the Fundamental Research Funds for the Central Universities (Nos. CCNU24JC001,
CCNU25JC025, CCNU25JCPT031).
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2. Notation and terminology

In this article, a ring is called Noetherian if it is Noetherian on both sides. Throughout
this article, let R be a Noetherian ring. By a module over R, we always mean a left R-
module, and thus a module over R°P is identified with a right R-module. The category
of finitely generated left R-modules is denoted by mod(R). Let proj(R) denote the full
subcategory of mod(R) consisting of projective modules. For two Noetherian rings A and
R, an A-R-bimodule M will mean a module over both A and R°P that such that the
actions are compatible: (a-m)-r=a-(m-r) foralla € A, r € R, and m € M.

For a ring homomorphism ¢: R — A, the map ¢ is said to be finite provided that A
is finitely generated as both a module over R and as a module over R°P. A ring A is said
to be a Noetherian algebra if there exists a finite ring homomorphism ¢: R — A, where
R is commutative and the image of R is in the center of A. In this case, we will say A is
a Noetherian algebra via .

2.1. Transpose and k-torsionfree modules. Let M be a module in mod(R). For each
projective resolution of M over R:

e: P L Py M0,
where Py, P; € proj(R). It induces a long exact sequence

Hompg(f,R)
_—

0 — Hompg(M, R) — Hompg (P, R) Hompg(P1, R) — Trp (M) — 0,

where the module Try (M) is called a transpose of M; see [1]. Note that the transpose

of M is independent of the choice of the projective resolution of M up to projective

summands. If there is no confusion, we will simply write Tr; (M) as Trr(M). For each

k > 0, the module M is said to be k-torsionfree if Ext’s(Trp(M), R) = 0 forall 1 <i < k.
Note that there exists an exact sequence

0 — Exth(Trr(M),R) — M 24 M** — Ext%(Trp(M), R) — 0,

where dpr(m)(f) = f(m) for m € M and f € M*. It follows that M is 2-torsionfree if
and only if d, is an isomorphism, namely M is reflexive.

2.2. Syzygy modules. For each M € mod(R) and n > 1, let Q% (M) denote the n-th
syzygy of M. That is, there exists an exact sequence in mod(R):

0—-QyM)—> Py == P> Py—M-—0,

where P; € proj(R) for 0 < ¢ < n — 1. It follows from Schanuel’s lemma that Q} (M) is
independent of the choice of the projective resolution of M up to projective summands.
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Let pdg(M) denote the projective dimension of M over R. Note that pdp (M) < n if
and only if Q% (M) is projective.

2.3. Gorenstein projective modules. An acyclic complex of projective modules over R
01 0o
P=...—P —F—PFP 14— -

is called totally acyclic provided that Hompg (P, Q) is still acyclic for any projective
module @ over R. A module M over R is Gorenstein projective if there exists a totally
acyclic complex P such that M is isomorphic to the image of dy; see details in [14].
Any projective R-module is Gorenstein projective. For each totally acyclic complex P,
the image of 9;, denoted by Im(9;), is Gorenstein projective for each i € Z. The full
subcategory of mod(R) consisting of Gorenstein projective modules will be denoted by
Gproj(R).

For each M € mod(R), let Gpdr(M) denote the Gorenstein projective dimension
of M over R. This invariant, originally introduced as the Gorenstein dimension in [1,
Section 3], measures how far M is from being Gorenstein projective. If Gpdz(M) < oo,
then it follows from [1, Remark 3.7] that

Gpdr(M) =sup{n > 0| Exti(M, R) # 0};
see also [18, Corollary 2.21].

2.4. Iwanaga-Gorenstein rings. A Noetherian ring R is said to be Iwanaga-Gorenstein if
R has finite injective dimension over both R and R°P. It follows from [36, Lemma A]
that if R is Iwanaga-Gorenstein, then

ldR(R) = idRop(R) < 00;

here, id represents the injective dimension. A commutative Noetherian ring R is said
to be Gorenstein if R, is Iwanaga-Gorenstein for each prime ideal p of R. In the case
idr(R) = idger (R) = k < 00, R is said to be k-Twanaga-Gorenstein.

If R is Iwanaga-Gorenstein, then each finitely generated module over R has finite
Gorenstein projective dimension.

2.5. Frobenius extensions. The notion of the Frobenius extension is a generalization of
Frobenius algebra [25]. Following [24, Theorem 1.2], a ring homomorphism R — A is
called a Frobenius extension if the following equivalent conditions hold:

(1) A is a finitely generated projective over R and there is an isomorphism A =
Homp(A4, R) as A-R-bimodules.
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(2) A is a finitely generated projective over R°P and there is an isomorphism A =
Homper (A, R) as R-A-bimodules.

Let G be a finite group, the injection Z — ZG is a classical example of a Frobenius
extension.

Let k be a field and A be a k-algebra via a ring homomorphism ¢: k& — A. Then A is
a Frobenius k-algebra if and only if ¢ is a Frobenius extension; see [35, Definition 4.2.5].

2.6. Derived categories. Let D(R) denote the derived category of complexes of modules
over R. The category D(R) is a triangulated category with the suspension functor [1];
for each complex X, X[1]; := X;_1, and dxpij := —0x. The bounded derived category
DI{ (R) is the full subcategory of D(R) consisting of complexes with finitely generated
total homology

Recall that a complex X over R is called homotopy projective (resp. homotopy injec-
tive) provided that Hompg (X, —) (resp. Homg(—, X)) preserves acyclic complexes. See
[33, Section 3] for the existence of the homotopy projective resolution and the homotopy
injective resolution of complexes.

Let RHomp(—, —) denote the right derived functor of Hompg(—, —). For each M, N
in D(R), the complex RHompg(M,N) can be represented by either Hompg(P, N) or
Homp(M,I), where P =y M is a homotopy projective resolution and N = I is a
homotopy injective resolution. Note that for modules M, N over R,

Ext% (M, N) = H_; RHomg (M, N).
3. Base change of (Gorenstein) transpose

In this section, we investigate the behavior of the (Gorenstein) transpose along a ring
homomorphism. The main result is Theorem 1.1 from the introduction; see Theorem 3.7.
Throughout, R will be a Noetherian ring.

3.1. For each M € mod(R) and a Gorenstein projective resolution of M over R:
7TIG11>G0—>M—>O,

where G, G1 € Gproj(R). It induces a long exact sequence over R°P:

0 — Homg (M, R) — Homp(Go, R) Somr@R),

Homp(G1, R) — Tri™ (M) — 0,
where the module Tr%’”(M), introduced by Huang and Huang [19, Section 3], is called a
Gorenstein transpose of M; compare transpose in 2.1. The definition of the Gorenstein
transpose depends on the choice of the Gorenstein projective resolution of M. When the
context is clear, Trg’W(M) will be simply written as Tr(M).
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A transpose is a Gorenstein transpose. The converse is not true in general; see [19].
However, for each M € mod(R), it is proved in [19, Theorem 3.1] that any Gorenstein
transpose of M can be embedded into a transpose of M with the cokernel Gorenstein
projective. In particular, for each ¢ > 0,

Extlhop (Trr(M), R) = Exthe, (Tr3 (M), R).

3.2. Let A, B and C be rings. For an A-B-bimodule M and an A-C-bimodule N,
Ext’y (M, N) is a B-C-bimodule for each n > 0. In particular, for a ring homomorphism
R — A, Exti(A, R) is an A-R-bimodule.

Indeed, choose an injective resolution N = I of N over A. For each ¢ € C, the right
multiplication r.: N — N;xz — xc is A-linear. Lift r. to a chain map 7.: I — I. The
right C-action by ¢ on Ext’y (M, N) = H_,, Hom (M, I) is given by H_, Hom4 (M, ).
Similarly, there is a left B-action on Ext’y (M, N) via the projective resolution of M, and
Ext’y (M, N) carries a B-C-bimodule structure.

Next, we present several lemmas used in the proof of Theorem 3.7.

Lemma 3.3. Let R — A be a finite ring homomorphism. Let Py — Py — M — 0 be a
projective resolution of M in mod(A), where Py, Py € proj(A). For each n > 0, there

exists an ezxact sequence in mod(RP):
Exts(Po, R) = Exti(P1,R) = Tra(M) ®4 Extk(A4, R) — 0.

Proof. Let I be an injective resolution of R. Then Ext (A, R) = H_,, Hompg(A, I). For
each finitely generated projective module P over A, since Hom 4 (P, —) is exact, we get
the first isomorphism below:

Homy (P, Extk(A, R)) = Homa(P,H_,, Hompg(A, I))
~ H_,, Hom 4 (P, Hompg(A,I))
~H_, Homg(P,I)
= Exti(P, R),

where the second isomorphism is due to the adjunction (Res, Hompg(A,—)). Thus, we
get the isomorphisms in the following commutative diagram in mod(R°P):

Hom 4 (Py, Ext;(A, R)) — Homu (P, Ext};(4,R)) —— C ——= 0

- L

Ext's (P, R) Ext’} (P, R) C’ 0.
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This yields that C = C’. By [34, Proposition 4.3],
Tra(M) ®a Ext}(A,R) = C.
Thus, we conclude that Trs (M) ® 4 Extz(A, R) = C'. O

Lemma 3.4. Let R — A be a finite ring homomorphism. Assume there exists n > 0 such
that Exth (A, R) = 0 for all i <n. Then:

(1) For each M € mod(A), Ext’y(M,R) =0 for all i < n.
(2) Let P, — Py — M — 0 be a projective resolution of M in mod(A), where Py, P, €
proj(A). Then it induces an exact sequence in mod(R°P):

0 — Exti(M, R) — Exty (P, R) — Exti (P, R) = Tra(M) ®4 Exti(A, R) — 0.
Proof. (1) Set (—)* = Hompg(—, R). Choose a short exact sequence
O0—+N—=P—-M-=—=0
in mod(A), where P € proj(A). Since Exth(A,R) = 0 for all i < n, we get that

Ext%(P,R) = 0 for all i < n. Combining with this, by applying Homg(—, R) to the
above short exact sequence, we get a long exact sequence

0— M*—=0— N* = Exth(M,R) = 0 — Exth(N,R) — Exth(M,R) =0 — ---
— Ext%3(M, R) — 0 — Ext’y ?(N, R) — Ext’s '(M, R) — 0.

It follows that M* = 0, and hence N* = 0 as M € mod(A) is arbitrary. Combining this
with the long exact sequence, we have Ext}{(M, R) = 0, and hence Ext}{(N, R) =0 as
well. By the same argument, we deduce that Ext's (M, R) = 0 for i < n.

(2) Consider the short exact sequence in mod(A):

0— QY(M)— Py — M — 0.

Combining this with (1), by applying Homp(—, R) to the above short exact sequence,
there exists an exact sequence in mod(R°P):

0 — Exth(M, R) — Extk(Po, R) = ExtR(Q4 (M), R). (1)
Note that there is also a short exact sequence in mod(A):

0— Q4(M) — P, — Q4Y(M) — 0.
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The same reason as (1), there is an injection Ext(QY (M), R) = Ext’;(Py, R). Since ¢
is injective, combining with (1), we get an exact sequence

0 — Extt(M, R) — Ext}(Po, R) =% Ext’h(Py, R).

Note that the map ¢ o « is induced by the map P, — Py. By Lemma 3.3, the cokernel of
¢ o « is isomorphic to Tra (M) ® 4 Extz(A, R). O

Lemma 3.5. For each M € mod(R), choose an exact sequence
0—-QM)—>P,1—>P,o— =P —FPh—M—0,

where P; € proj(R) for 0 < i < n—1. Assume there exists n > 0 such that Ext'y(M, R) =
0 for alli < n. Then the above exact sequence induces a long exact sequence in mod(R°P):

0= (P)" = (P1)" == (Pp—2)" = (Poo1)” = (QR(M))* — Exth (M, R) — 0,

where (—)* := Hompg(—, R). In particular, if n > 2, then there exists a short eract
sequence

0 — Trp(Qy 2(M)) — (QE(M))* — Exth(M, R) — 0.
Proof. For each ¢ < n, consider the short sequence in mod(R):
0— QM) — P — Qi (M) — 0.
This induces an exact sequence in mod(R°P):
0= (Qp(M)" = (P)* = (U (M))* — Exth(2p(M), R) = 0
Note that for each ¢ > 0, there is an isomorphism
Extp(Q% (M), R) = Extl' (M, R).

This is equal to 0 if ¢ < n — 1. Thus, for each i < n — 1, we get a short exact sequence
in mod(R°P):

0= (Qp(M))* = (P)" — (" (M))* =0,

and for ¢ =n — 1, we get an exact sequence in mod(R°P):
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0 — (QBHM))* = (Po_1)* — (QR(M))* — Exth(M, R) — 0.

The desired long exact sequence in the lemma can be obtained by combining these exact
sequences. This completes the proof. O

3.6. Assume there is a commutative diagram in mod(R) with exact rows and exact
columns:

0 0 0 0

0 M, M> Ms My 0
lfl lfz lf?, lfz;

0 Ny Ny N3 Ny 0.

By using the Snake lemma, the above diagram induces a long exact sequence

0 — coker(f1) — coker(fy) — coker(f3) — coker(f4) — 0.
Theorem 3.7. Let p: R — A be a finite ring homomorphism, where R is a Noetherian
ring. Assume Gpdg(A) < oo and there exists n > 0 such that Extz(A, R) = 0 for all
i #mn. For each M € mod(A) and the transpose Tra(M), we have:
(1) If n =0, then there exists an isomorphism in mod(R°P):
Tr% (M) = Tra(M) ®4 Homp(A, R).
(2) If n =1, then there exists a short exact sequence in mod(R°P):

0— Q— TrG(QL(M)) — Tra(M) ®4 Exth(A, R) — 0,

where @ is a finitely generated projective over R.
(8) If n > 2, then there exists a short exact sequence in mod(R°P):

0 — Trr(Qp 2(Q%4(M))) — TrG(QUR(M)) — Tra(M) @4 Exth(A, R) — 0
with pd(Trr(QE 2(Q4(M)))) <n — 1.
Proof. By 2.3, we have Gpdr(A) = n. The statement of (1) now follows from

Lemma 3.4(2). The proof of the statement (2) is similar to that of (3) and easier. There-
fore, we will prove statement (3) as an example.
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(3) For the case of n > 2. Choose an exact sequence in mod(A):

0— Q4(M)— P'— P° = M —0,

where each PV, P! € proj(A).

Consider the above exact sequence as an exact sequence over R. By the Horseshoe
lemma, we get the following commutative diagram in mod(R) with exact rows and exact
columns:

0 0 0 0 ,
0 = QRQA(M)) —= QR(PY) —— Qp(P°) —= Qp(M) — 0
04>P3—1%Pﬁ14>3?—1 ijl\{1 0
0 PRy Py s Py P, 0
0 P? P P pM 0
0 P? P} Py PM 0
0 — Q4 (M) Pl P M 0

0 0 0 0

where PJ7 and PjM are finitely generated projective over R for 0 <i<2,0<j<n-—1.
Combining this with Lemma 3.4 and Lemma 3.5, by applying the functor (—)* :=
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Hompg(—, R) to the above commutative diagram, we can obtain the following commuta-
tive diagram in mod(R°P) with exact rows and exact columns:

0 0 0 0

00— (R) ———— () ——— (F)" (P5)* 0

0 (PM)* (PY)* (P)* (P7)* 0

00— (PMy) ———= (P} y) ————= (Pyp)* —= (P,)" —=0

aq (e} as Qy

f

0 (P'r]LVil)* (Pg—l)* (Pﬁ 1) (Pr%—l)* —0
g

0 —— (QE(M))* —— (QUR(P%))* (QR(PH)*

0 —— Exti(M,R) —— Ext%(PO,R) —_— Ext%(Pl,R)

By repeatedly applying 3.6 to the diagram above, we obtain an induced exact sequence
involving the cokernels coker(c;). Namely, there is an exact sequence

0 = Trp(QL2(M)) — Tra(Qh2(PY) L5 Trp(Qn2(PY)

— Tra(Q (R4 (M) = 0.

Note that the projective dimension of each coker(c;) is at most n — 1. In particular,
pd (T (U 2(Q4 (M) <n - 1.

The two middle exact columns in the diagram above induce a commutative diagram
in mod(R°P):
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0 ——> Trp(Q*(PY)) —> ((PY))* —> Ext}(P*,R) —> 0 .

| : ;

0 —— Trp(Qf *(P") —= (Q}(P')" —— ExtRp(P',R) —= 0

By the above two commutative diagrams, the induced map from the kernel of g to the
kernel of h is surjective. Combining this with the Snake lemma, we obtain a short exact
sequence

0 — coker(f) — coker(g) — coker(h) — 0.

As the above long exact sequence shows, coker(f) = Trr(Q7% (03 (M))). Tt follows from
Lemma 3.3 that coker(h) = Try (M) ® 4 Ext; (A, R) in mod(R°P). As mentioned at the
beginning, Gpdz(A4) = n. It follows that Q% (P°) and Q% (P') are Gorenstein projective
over R, and hence coker(g) is isomorphic to a Gorenstein transpose Tr%(Q%(M)). Thus,
we obtain the desired short exact sequence. 0O

Remark 3.8. (1) Let Tr (M) be a Gorenstein transpose of a module M € mod(R). As
mentioned in 3.1, Huang and Huang [19, Theorem 3.1] observed that there exists a short
exact sequence

0— Tr§(M) — Trr(M) - H =0

with H Gorenstein projective. Motivated by this, Zhao and Sun [37, Theorem 2.3] proved
that there exists a short exact sequence 0 — H' — Tr&(M) — Trp(M) — 0 with H’
Gorenstein projective.

(2) Our result is quite different from the above results; note that Theorem 3.7 is
trivial if R = A. Let ¢: R — A be a ring homomorphism, where R is a Noetherian ring.
Assume Gpdy(A) < 0o, and there exists n > 0 such that Ext’(A, R) = 0 for i # n and
Exth(A,R) 2 A in mod(A). Then Tra(M) ®4 Exti(A4, R) = Trs(M). Hence, for each
transpose Tr4 (M) of M € mod(A), Theorem 3.7 yields:

o Assume n = 0. Tr (M) is isomorphic to some Gorenstein transpose Tr(M).
o Assume n > 1, there exists a Gorenstein transpose Tr%(Q%(M)) and a short exact
sequence 0 — K — Tr§ (% (M)) — Tra(M) — 0 with pdz(K) <n — 1.

3.9. Similar to the notion of Gorenstein projective dimension for a module, there is a
corresponding concept of Gorenstein dimension for complexes in the bounded derived
category; see [9, Definition 2.3.2]. Let ¢: R — A be a finite ring homomorphism. Fol-
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lowing [29, Definition 3.1], the map ¢ is said to have the ascent and descent of finite

Gorenstein dimension if the following two conditions hold:

(1) A complex in Dl{ (A) has finite Gorenstein dimension over A if and only if it has
finite Gorenstein dimension over R;

(2) A complex in Dbf (A°P) has finite Gorenstein dimension over A°P if and only if it has
finite Gorenstein dimension over R°P.

This holds, for example, when ¢ is a finite local homomorphism between commutative
Gorenstein local rings. For other classes of ring homomorphisms that satisfy the above
property, see [29].

If R is commutative and A is an R-algebra via ¢, then an equivalent characterization
of the above property is given in [29, Theorem 3.12]. Moreover, the notion of ascent and
descent of the Gorenstein projective property is also investigated in [29].

3.10. Let ¢: R — A be a finite ring homomorphism. In the subsequent sections, we will
consider the following condition:

RHompg (A4, R) =2 P[—n] in D(A) for some P € proj(A) and n > 0.

This condition is equivalent to that there exists n > 0 such that Exté%(A,R) = 0 for
i #n and Ext (A, R) is finitely generated projective over A. Note that this condition is
stronger than the assumption of Theorem 3.7.

Example 3.11. (1) Let ¢: R — A be a Frobenius extension; see 2.5. Then A is projective
over R on both sides and Homp(A, R) = A as A-R-bimodules.

(2) Let ¢: R — A be a finite ring homomorphism between commutative Noethe-
rian rings. Assume that A is local and that ¢ has the ascent and descent of fi-
nite Gorenstein dimension property (3.9). Then Gpdz(A) = n and RHomp(A4, R) =
A[—n] in D(A) for some n > 0.

Indeed, since ¢ has ascent and descent of finite Gorenstein dimension property, it
follows from [29, Theorem 3.11] that Gpdy(A) < co and RHompg(A4, R) is perfect over A.
Then, by [10, Theorem 6.1 and Proposition 8.3], one has an isomorphism RHompg (4, R) =
Al—n] in D(A) for some n > 0. The equality Gpd(A) = n follows from 2.3.

Corollary 3.12. Let ¢: R — A be a finite ring homomorphism, where R is a Noetherian
ring. Assume Gpdp(A) < 0o and RHompg (A4, R) = A[—n] in D(A) for some n > 0. For
each M € mod(A), there exists a commutative diagram in mod(R°P) with exact rows and
exact columns
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0 ——= K —— Trr(Q%(M)) w 0
C C
0 0

where C is Gorenstein projective over R and pdg(K) < n—1. In particular, there exists
a short exact sequence in mod(R°P):

0 — Tr&(QR(M)) = Trr(QVR(M)) @& Tra(M) — W — 0.

Proof. By Remark 3.8, we get the following short exact sequence in the row with

pdg(K) < n—1, and the short exact sequence in the column with C' Gorenstein projec-
tive:

0
00— K — Te§(Qp(M)) = Tra(M) — 0
f2
Tr(Q(M)
C
0

The desired diagram is obtained by taking the pushout of the morphisms f; and f;. O

4. Base change of k-torsionfree modules

The main result of this section is Theorem 4.5, which implies Corollary 1.2 from the
introduction. Its proof relies on Theorem 3.7.
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Lemma 4.1. Let ¢: R — A be a finite ring homomorphism, where R is a commu-
tative Noetherian ring. Assume Gpdgr(A) < oo, and there exists an isomorphism
RHomgp(A, R) = P[—n] in D(A) for some P € proj(A) and n > 0. Then there exists
an isomorphism in mod(A°P):

A= Ext(Ext’y(A, R), R).

Proof. Choose an injective resolution R — I. In what follows, we identify the derived
functor RHomp(—, R) with Homp(—, I). By computing Ext's(—, R) via H_,, Homp(—, I),
the module Ext%k(A,R) carries the structure of an A-R-bimodule, and hence
Ext’h(Ext’s(A, R), R) has the structure of an R-A-bimodule. By assumption, Ext’ (4, R)
= 0 for all i # n. It follows that Homp(A,I) = Extk(A4, R)[—n] in D(A). This yields
that the second isomorphism in D(A°P) below:

A = RHompz(RHomz(A, R), R)
=~ RHom(Ext’(A, R)[—n), R)
=~ RHompg(Ext: (4, R), R)[n|
~ Ext’ (Exth (A, R), R)[—n][n]

R
=~ Exth(Exty (A, R), R),
where the first one is because Gpdy(A) < oo (see [9, Corollary 2.3.8]), and the fourth
one is due to the assumption that Ext’ (A, R) = 0 for i # n and Ext’;(A, R) is projective
over A. Thus, we get that A and Ext (Ext; (A, R), R) are isomorphic in D(A°P). Since
the canonical functor mod(A°P) — D(A°P) is fully faithful, A and Exty(Extk(A, R), R)
are isomorphic in mod(A4°P). O

4.2. Let Ry, Ry be Noetherian rings, and M be an R;-Rs-bimodule such that M is flat
over Ry. Then the functor — ®g, M is a triangle functor from D(R]’) to D(R5Y), with
right adjoint RHom per (M, —).

For each X € mod(R"), Y € mod(R5"), if Extper(M,Y) = 0 for all n > 0, namely
RHom per (M, Y') = Hompee (M,Y) in D(R]), then for each i > 0, there is an isomor-
phism:

Extier (X ®p, M,Y) = Extier (X, Hompge (M, Y)).
Lemma 4.3. Let ¢: R — A be a finite ring homomorphism. Assume Gpdg(A) < oo,
and RHompg (A4, R) = P[—n| in D(A) for some P € proj(A) and n > 0. For each M €

mod(A) and i > 0, we have:

(1) Assume n = 0. Then Extlhe, (Trr(M), R) & ExtYyop (Tra(M), A).
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(2) Assume, in addition, n > 1 and R is commutative. Then
Extit (Trp(QE(M)), R) 2 Ext'y, (Tra (M), A).

Proof. By 2.3 and the assumption, Gpdz(A) = n.
(1) By Theorem 3.7(1), we get the second isomorphism below:

Exthop (Trr(M), R) 2 Extiho, (Tr$ (M), R)
& Extlop (Tra(M) ®4 Homp(A, R), R)
& Ext’yop (Tr o (M), Hom ges (Homp (A, R), R))
& Extlyop (Tra(M), A)
where the first isomorphism follows from 3.1, the third one follows from 4.2 as
Hompg(A, R) is projective over A and that EXtRop (Hompg(A, R),R) =0 for all j > 0 (the
vanishing here holds because Hompg (A, R) is Gorenstein projective over R°P, given that
A is Gorenstein projective over R), and the last one is due to the A°P-linear isomorphism
A = Hompger (Homp(A, R), R); the isomorphism here holds because A is Gorenstein pro-
jective over R.

(2) By Theorem 3.7(2)(3), there exists a short exact sequence in mod(R):

0— K — TrG(QR(M)) — Tra(M) @4 Exth(4,R) = 0

where pdp(K) < n — 1. Combining this with that i > 0, we get the second isomorphism
below:

Exts (Trn(Q(M)), B) = Exts™ (Tr5 (R(M)), )

=~ Extiit (Tra(M) @4 Ext’h (A, R), R)

= H_(;4i) RHomg(Tra(M) ® 4 Extr(A, R), R))

= H_(,14) RHom 4o (Tr 4 (M), RHom g (Ext’z (A, R), R))
M), Ext’y(Extz (A, R), R)[—n])
M), A[—-n])

= H—(n+i) RHom 40p (TI‘A( )
= H—(n+i) RHoonp (TI‘A( )
= Ext'yop (Tra (M), A)

where the first one is by 3.1, the fourth one is by the adjunction (— ®4 Ext}(4, R),
RHom g (Ext: (A, R), —)) and Ext;(A, R) is projective over A, the fifth one is because
Ext’ (A, R) is projective over A and Ext’ (A, R) = 0 for i # n, and the sixth one is due
to Lemma 4.1. O

4.4. Let R be a commutative Noetherian ring. Recall that a finitely generated R-module
M is said to satisfy Serre’s condition (Sy,) if depth(M,) > min{n, dim(R,)} for all prime
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ideals p of R, where depth(M,) denotes the depth of M, over R,. Recall also that R is
said to satisfy the condition (G, ) provided that R, is Gorenstein for all prime ideals p
with depth(R,) < n.

For each m > 0, Matsui, Takahashi, and Tsuchiya [30, Theorem 1.4] proved that the
following conditions are equivalent:

(1) R satisfies (Gp—1)-
(2) For each finitely generated R-module M, one has:

M is m-torsionfree <= M is m-th syzygy <= M satisfies (S,,).

Theorem 4.5. Let p: R — A be a finite ring homomorphism. Assume Gpdg(A4) < oo,
and RHompg (A, R) = P[—n] in D(A) for some P € proj(A) and n > 0. For each M €
mod(A) and k > 0, we have:

(1) Assume n = 0. Then M is k-torsionfree over A if and only if M is k-torsionfree
over R.

(2) Assume n > 1 and R is commutative. Consider the following conditions:

(a) M is k-torsionfree over A
(b) Trp QF Trr QL (M) is k-torsionfree over R.
(¢) UE(M) is (k + n)-torsionfree over R.

Then (2¢) = (2a) <= (2b). All these conditions are equivalent if, in addition, R
satisfies (Gp—1).

Proof. (1) This follows immediately from Lemma 4.3(1).

(2) (2¢) = (2a). Assume Q}(M) is (k + n)-torsionfree. By definition, we have
Exth(TrR Qi(M),R) =0 for all 1 < j < k + n. Combining this with Lemma 4.3(2),
Ext’yop (Tra(M), A) =0 for 1 <i <k, and hence M is k-torsionfree over A.

(2a) <= (2b). By Lemma 4.3(2), we have

Exth(Trg Trg Q3 Trg Q% (M), R) 22 Extlyo, (Tra(M), A)

for each ¢ > 0. In particular, M is k-torsionfree over A if and only if Trr QF Trr QF (M)
is k-torsionfree over R.

Assume, in addition, R satisfies (én_l). Combining with 4.4, we get that the module
Q% (M) is n-torsionfree. Thus, Extly(Trp Q%(M),R) = 0 for 1 < i < n. Assume (2a)
holds, then Lemma 4.3(2) yields that Exts" (Trp(Q%(M)), R) = 0 for 1 <4 < k. Thus,
we conclude that Ext’(Trg Q% (M),R) = 0 for 1 < i < n + k. That is, Q}(M) is

(k + n)-torsionfree over R. O
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Remark 4.6. (1) When ¢: R — A is further assumed to be a Frobenius extension, Theo-
rem 4.5(1) was proved by Zhao [39, Theorem A] using a different approach. Specifically,
Zhao’s proof relies on a proj( R)-approximation characterization of k-torsionfree modules,
established by Auslander and Bridger [1, Theorem 2.17].

(2) Let ¢: R — A be a finite ring homomorphism, where R is a commutative Noethe-
rian ring and A is an R-algebra via ¢. Assume ¢ has ascent and descent of Gorenstein
projective property in the sense of [29]. For each M € mod(A) and k > 0, by [29, Theo-
rem 1.1] and Theorem 4.5(1), M is k-torsionfree over A if and only if M is k-torsionfree
over R.

Recall that a surjective ring homomorphism 7: R — A between commutative Noethe-
rian rings is called a complete intersection map if the kernel of 7 is generated by a regular
sequence in R. When 7 is a complete intersection map, pdy(A4) is finite.

Combining with Example 3.11, the following result follows from Theorem 4.5(2).

Corollary 4.7. Let ¢: R — A be a finite ring homomorphism between commutative
Noetherian rings, where A is local. Assume ¢ has ascent and descent of finite Goren-
stein dimension property (cf. 3.9) and Gpdr(A) = n. If R satisfies (én_l), then for each
M € mod(A) and k > 0, the module M is k-torsionfree over A if and only if Q% (M) is
(k + n)-torsionfree over R.

Corollary 4.8. Let ¢: R — A be a finite ring homomorphism between commutative
Noetherian rings. Suppose that n = Gpdg(A) and ¢ satisfies one of the following con-
ditions:

(1) R and A are commutative Gorenstein rings, and A is also local.
(2) ¢: R — A is a complete intersection map, and R satisfies (Gp—1).

Then for each M € mod(A) and k > 0, the module M is k-torsionfree over A if and only
if Q% (M) is (k + n)-torsionfree over R.

Proof. (1) Since R and A are Gorenstein, any finitely generated module over R or A has
finite Gorenstein dimension; see [16, Corollary 2]. In particular, Gpdz(A) < oo and ¢
has ascent and descent of finite Gorenstein dimension property. The desired result now
follows from Corollary 4.7.

(2) Note that n = pdr(A) as ¢ is a complete intersection map. Moreover,
RHomg(A, R) & A[—n] in D(A); see [5, Proposition 1.6.10 and Corollary 1.6.14]. The
desired result follows from Theorem 4.5(2). O

Remark 4.9. Keep the assumption as Corollary 4.8(1). Combining with 4.4, it follows
from Corollary 4.8(1) that, for each M € mod(A) and k& > 0, the module M is a k-
th syzygy in mod(A) if and only if Q% (M) is a (k + n)-th syzygy in mod(R), where
n = Gpdg(4).
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The following example satisfies the assumption of Corollary 4.8(2), but does not satisfy
the assumption of Corollary 4.8(1).

Example 4.10. Let R = k[t3,t ¢°] be a numerical semigroup ring, where k is a field. For
each nonzero, non-invertible element r € R, consider the canonical surjection

m: R— A:=R/(r).

Since R is a one-dimensional domain, we get that ¢ is a complete intersection map and
Ry is a field. It follows that R satisfies (éo). Thus, for each M € mod(A) and k > 0,
Corollary 4.8(2) yields that the module M is k-torsionfree over A if and only if Q%L (M)
is (k + 1)-torsionfree over R. Note that the semigroup (3,4,5) is not symmetric in the
sense of [5, Theorem 4.4.8], and hence R is not Gorenstein.

5. Extension closedness of k-torsionfree modules

In this section, we investigate the extension closedness of the category of k-torsionfree
modules under change of rings. The main result is Theorem 1.3 from the introduction; see
Theorem 5.9. As an application, we establish an ascent and descent result concerning
quasi k-Gorensteinness; see Corollary 5.16. This provides an affirmative answer to a
question posed by Zhao regarding quasi k-Gorensteinness in the case of Noetherian
algebras; see Corollary 5.19.

Lemma 5.1. Let R — A be a ring homomorphism and X be a finitely generated module

over R. Assume T is an A-R-bimodule and T is finitely generated projective over A.
Then there is an isomorphism in mod(A°P):

TI‘R(X) QR HOHIA(T, A) = TI"A(T KRR X)
Proof. Choose a projective resolution of X over R:
d1 do
Ph—= Pp— X —0,
where Py, Py € proj(R). Note that T is finitely generated projective over A. This yields
that T ®pg P; is finitely generated projective over A for i = 0, 1. By applying the functor

T ®r —, we get a projective resolution of T ® X in mod(A):

Top P, L2248, 7oy py, 1285, p o x 0.

The above short exact sequences induce the following commutative diagrams in mod(A°P)
with exact rows:
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HomA(T QR Po,A) —_— HomA(T QR Pl,A) e TI‘A(T R X) —0

: : |

Homp (Py, Homa (T, A)) —— Hompg(P;,Homu4 (T, A)) C 0,

where the two isomorphisms are due to the adjunction (T ®g —, Hom4 (T, —)). By the
Five lemma, we have Tra(4A ®p X) = C in mod(A°P). By [34, Propositon 4.3], C' =
Trr(X)®rHoma (T, A) in mod(A°P), and hence Trr(X)®gHomg(T, A) = Tra(T®rX)
in mod(A°P). O

Lemma 5.2. Let p: R — A be a ring homomorphism. Assume T is an A-R-bimodule
such that T is finitely generated projective over A, T is flat over R°P, and Hom 4 (T, A)
is flat over R. Let X be a finitely generated R-module and k > 0. If X is k-torsionfree
over R, then T ®gr X is k-torsionfree over A. The converse holds if, in addition, T is
faithfully flat over R°P.

Proof. By assumption, T is a finitely generated projective module over A. It follows
that Homy4 (T, A) is a finitely generated projective module over A°P and there exists an
isomorphism in mod(R°P):

T =5 Hom go» (Hom 4 (T, A), A). (1)

Combining this with that Hom 4 (T, A) is flat over R, by 4.2, for each i > 0, we obtain
the second isomorphism below:

Extyor (Tra(T @5 X), A) 2 Extyon (Trp(X) @ Homa (T, A), 4)
> Extlop (Trr(X), T)
=~ T ®R EXtiR()p (TI'R(X)7 R)7

where the first isomorphism is by Lemma 5.1, and the last uses that T is flat over R°P
(see [9, A.4.23]). Thus, if X is k-torsionfree over R, then T ®p X is k-torsionfree over
A. If furthermore T is faithfully flat over R°P, then the above isomorphisms yields that
X is k-torsionfree over R if T ® g X is k-torsionfree over A. O

Motivated by Lemma 5.2, we introduced the following definitions.

Definition 5.3. Let ¢: R — A be a ring homomorphism. We say ¢ is a quasi-faithfully
flat extension if there exists an A-R-bimodule T" such that:

(1) T is a finitely generated projective over A;
(2) T is faithfully flat over R°P;
(3) Homu (T, A) is flat over R.
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The homomorphism ¢ is said to be a faithfully flat extension if A is faithfully flat over
R°P and A is flat over R.

Remark 5.4. (1) A faithfully flat extension is a quasi-faithfully flat extension. The con-
verse of this is not true in general. Let k be a field and G be a finite group. By
Example 5.5, the canonical map kG — k; g — 1 is a quasi-faithfully flat extension.
But this is not a faithfully flat extension if |G| > 2; this is because any faithfully flat
extension is injective; see [27, Theorem 4.7.4].

(2) We don’t know that whether the definition of (quasi-)faithfully flat extension is
left-right symmetric. Specifically, given a ring homomorphism ¢: R — A, whether the
homomorphism ¢ is a (quasi-)faithfully flat extension is equivalent to that ¢°P: R°P —
A°P is a (quasi-)faithfully flat extension. If one requires that Hom4 (7, A) is faithfully
flat over R in Definition 5.3, then the definition will be left and right symmetric.

Besides the faithfully flat extensions, the following gives another class of ring homo-
morphisms that are quasi-faithfully flat extensions.

Example 5.5. Let k be a field and R be a Frobenius k-algebra; cf. 2.5. Then any k-algebra
homomorphism ¢: R — A is a quasi-faithfully flat extension.

Indeed, take T = A ®; R. Since k is a field, T is free over A and R°P. In particular,
T is faithfully flat over R°P. Also, we have an isomorphism over both R and A°P:

Homu (A ®y R, A) = Homy (R, A)
= Homy (R, k) @, A
2 Ry A,
where the first isomorphism is due to the adjunction, the second one is due to that R
is a free module over k with finite rank, and the last one uses that R is a Frobenius

k-algebra. Tt follows that Hom (T, A) is free over R, and hence faithfully flat over R.
Hence, ¢ is a quasi-faithfully flat extension.

5.6. Let X be a full subcategory of mod(R). The category X is said to be extension closed
if it satisfies the following property: for each short exact sequence

0—-X—->Y—=>2—-0
in mod(R), if X,Z € X, then Y € X as well.

Proposition 5.7. Let p: R — A be a quasi-faithfully flat extension. For each k > 0, if
TF*(A) is extension closed, then so is TF*(R).
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Proof. By the assumption, there exists an A-R-bimodule such that T is finitely generated
projective over A and faithfully flat over R°P, and Hom4 (T, A) is flat over R. Consider
the short exact sequence in mod(R):

0-X—-Y—>272-0

with X, Z € TF¥(R). By Lemma 5.2, both T®r X and T®p Z are in TF¥(A). Since T is
flat over R°P, the above short exact sequence induces a short exact sequence in mod(A):

0>TRrX >TRRY -T®r Z — 0.

Since TF¥(A) is extension closed, we get that T ®z Y € TF¥(A). Again by Lemma 5.2,
we have Y € TF*(R), and hence TF*(R) is extension closed. 0O

Proposition 5.8. Let ¢: R — A be a finite ring homomorphism. Assume that Gpdp(A) <
00, and RHompg(A, R) & P[—n] in D(A) for some P € proj(A) and n > 0. Assume ei-
thern = 0, or that R is commutative which satisfies (én_l). For each k > 0, if TF**"(R)
is extension closed, then so is TFF(A).

Proof. Assume TF*™™(R) is extension closed. For each short exact sequence in mod(A):
0—> M — My — Mz —0

with My, M5 € TFk(A). Restriction scalars along ¢: R — A and combining with the
Horseshoe lemma, we have a short exact sequence in mod(R):

By Theorem 4.5, both Q% (M) and Q7% (Ms) are in TEF(R). Tt follows that Q7% (My) €
TF**"(R) as TFFT"(R) is extension closed. Again by Theorem 4.5, we have M, €
TF*(A), and hence TF¥(A) is extension closed. O

Theorem 5.9. Let p: R — A be a finite ring homomorphism, where @ is a quasi-faithfully
flat extension. Assume Gpdgr(A) = 0 and Hompg(A, R) is projective over A. For each
k>0, the category TF*(R) is extension closed if and only if so is TF*(A).

Proof. This follows immediately from Proposition 5.7 and Proposition 5.8. 0O
By Example 5.5 and Theorem 5.9, we get the following result.
Corollary 5.10. Let k be a field and R be a Frobenius k-algebra and p: R — A be a finite

k-algebra homomorphism. Assume Gpdg(A) =0, Hompg(A, R) is projective over A. For
each k > 0, the category TF*(R) is extension closed if and only if so is TFF(A).
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The following result is an immediate consequence of Theorem 5.9. The first part was
previously established by Zhao [39, Proposition 4.3].

Corollary 5.11. Let R — A be a Frobenius extension and n > 0. If TF"(R) is extension
closed, then so is TF"(A). The converse holds if furthermore A is faithfully flat over
R°P.

The next example satisfies the assumption of Theorem 5.9, but A is not projective
over R. In particular, it is not a Frobenius extension.

Example 5.12. Let A be a commutative Noetherian ring and consider the canonical sur-
jection:

7: R = Afz]/(2*) — A.

Note that A is Gorenstein projective over R and Hompg (A4, R) = A as A-modules; see for
example [29, Example 4.9]. However, A is not projective over R. Consider T'= R. This
is an A-R-bimodule. The module T is free over A and faithfully flat over R. Moreover,
Homy (R, A) &2 R as R-modules; see for example [31, Lemma 3.1]. Thus, 7 is a quasi-
faithfully flat extension.

5.13. Let R be a Noetherian ring. Assume that k is a positive integer and
0R—->I°>T' ... 5T — ...

is a minimal injective resolution of the module R over R.

(1) The ring R is called a left quasi k-Gorenstein, as defined by Huang [21, Definition
2], if fdg(I*) <i+1 for all 0 < i < k— 1; here fdg(—) represents the flat dimension over
R. Note that the notion of quasi k-Gorensteinness is not left-right symmetric in general;
see [21, Example 2]. However, Remark 5.17 provides sufficient conditions under which
quasi k-Gorensteinness becomes symmetric. The ring R is called quasi k-Gorenstein if
both R and R°P are left quasi k-Gorenstein.

(2) Recall from [15] that the ring R is called a k-Gorenstein provided that fdg(I%) <
i for all 0 <i < k—1. The notion of k-Gorenstein rings is left-right symmetric; see [15,
Theorem 3.7]. That is, R is k-Gorenstein if and only if R°P is k-Gorenstein.

Remark 5.14. Let A be an Artin algebra. Auslander and Reiten [2] posed the following
question: if A is k-Gorenstein for all £ > 0, is A necessarily Iwanaga-Gorenstein? As
noted in [2], an affirmative answer would also imply the Nakayama conjecture, which
asserts that an Artin algebra with infinite dominant dimension is self-injective. In this
context, Iyama and Zhang [23, Corollary 1.3] provided equivalent conditions under which
a k-Gorenstein Artin algebra for all k£ > 0 is Iwanaga-Gorenstein.
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5.15. Let R be a Noetherian algebra. For a positive integer k, the following conditions
are equivalent:

(1) Q%(mod(R)) is extension closed for 1 <i < k;

(2) If0 -+ R—I1°— T — ... - " - ... is a minimal injective resolution of the
module R over R, then fdg(I') <i+1 for0<i<k—1;

(3) TFi(R) is extension closed for 1 < i < k.

The equivalence (1) <= (2) was established by Auslander and Reiten [3, Theorem 1.7
and Proposition 2.2] for Noetherian rings, and the equivalence (2) <= (3) was proved
by Huang [20, Theorem 3.3] for Noetherian algebras. Note that the assumption that R

f3

is a Noetherian algebra is needed in the proof of the [20]
Combining with 5.15, the following result is an immediate consequence of Theorem 5.9.

Corollary 5.16. Let R and A be two Noetherian algebras, and let ¢: R — A be a finite ring
homomorphism such that ¢ is a quasi-faithfully flat extension. Assume Gpdg(A) = 0 and
Hompg (A, R) is projective over A. For each k > 0, the ring R is left quasi k-Gorenstein
if and only if so is A.

Remark 5.17. Let ¢: R — A be a finite ring homomorphism, where R is commutative and
A is an R-algebra via ¢. Assume that ¢ is a quasi-faithfully flat extension, Gpdg(A) = 0,
and Homp (A, R) is projective over A on both sides. Since R is commutative, the notion
of quasi k-Gorensteinness for R is left-right symmetric. Combining with 5.16, it follows
that for each k& > 0, A is left quasi k-Gorenstein if and only if it is right quasi k-
Gorenstein. In other words, quasi k-Gorensteinness for A is left-right symmetric under
these assumptions. It is worth mentioning that, in general, quasi k-Gorensteinness is not
left-right symmetric; see 5.13.

5.18. (1) Let R and A be two Noetherian algebras, and ¢: R — A be a Frobenius
extension. If R is left quasi k-Gorenstein, then Zhao [39, Theorem 4.1] observed that A
is also left quasi k-Gorenstein. It is also proved in [39, Proposition 5.2] that the same
result holds for k-Gorenstein.

(2) Recall that a module X in mod(R) is called generator if, for any ¥ € mod(R),
there exists a surjective R-linear map X" — Y for some n > 0. For any Frobenius
extension R — A, where A is a generator in both mod(R) and mod(R°P), Chen and Ren
[8, Example 3.8] observed that R is k-Iwanaga Gorenstein (cf. 2.4) if and only if A is
k-Iwanaga Gorenstein.

(3) Based on the above, Zhao [39, Section 5] raised the following questions:

Questions: Let ¢: R — A be a Frobenius extension, where A is a generator in both
mod(R) and mod(R°P).
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o For each £ > 0, is R (quasi) k-Gorenstein equivalent to that A is (quasi) k-
Gorenstien?
e Is R k-Gorenstein for all k£ > 0 equivalent to that A is k-Gorenstein for all £ > 07

Corollary 5.16 yields the following result, which provides an affirmative answer to
Zhao’s question regarding quasi k-Gorenstein when R and A are Noetherian algebras.
Note that a projective generator is faithfully flat.

Corollary 5.19. Let R and A be Noetherian algebras, and let p: R — A be a Frobenius
extension. Assume A is faithfully flat over R°P. For each k > 0, the ring R is left quasi
k-Gorenstein if and only if so is A.

Remark 5.20. Let ¢: R — A be a Frobenius extension, where R is a commutative Noethe-
rian ring and the image of ¢ is in the center of A. Then Corollary 5.19 yields that Zhao’s
question regarding quasi k-Gorenstein is true in this case.

Proposition 5.21. Let p: R — A be a Frobenius extension. Assume R is commutative
and the image of ¢ is in the center of A, and A is faithfully flat over R°P. For each
k >0, the ring R is k-Gorenstein if and only if so is A.

Proof. The forward direction is due to [39, Proposition 5.2]. For the backward direction,
assume A is k-Gorenstein. Choose a minimal injective resolution of R

0R—->I°>I'—... 5T — ...

over R. By the proof of [13, Theorem 1.2], the above minimal injective resolution induces
a minimal injective resolution

0 — Homp(A, R) — Homp(A, I°) — Homp(A, I') — -+ — Homp(A, I*) — --- .

Since A is Frobenius extension over R, we have A = Hompg(A, R) and Hompg(A4, I;) =
A®p I; in mod(A). It follows that we have a minimal injective resolution

0+A—=ARRI° 5 ARrI' - - AQpI' — ---
over A. For each R-module X and n > 0, we have

Tor (X ®p A, A®g I') = Tor® (X @ A, T')
= Tor) (A@r X, 17
~ A@g Torf(X, 1Y),

where the second isomorphism is because R is commutative and the last one is due to
that A is flat over R. Combining the above isomorphism with that A is faithfully flat
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over R°P we conclude that fdg(I*) < fd4(A®pg I?). Since A is k-Gorenstein, we get that
R is also k-Gorenstein. O

Remark 5.22. (1) Proposition 5.21 supports Zhao’s question regarding k-Gorenstein.

(2) In [17, Corollary 4.7], Gu, Huang, and Zhao proved the following: for a Forbenius
extension ¢: R — A, if ¢ is a split monomorphism over R°P, then, for each k > 0,
the ring R is k-Gorenstein if and only if A is k-Gorenstein. This also supports Zhao’s
question regarding k-Gorenstein.

6. Finite representation type

In this section, we investigate the finite representation type of k-torsionfree modules
over a Frobenius extension; see Proposition 6.6. The result can be applied to the skew
group rings; see Corollary 6.9.

6.1. (1) A ring homomorphism R — A is said to be a separable if the map
AQrA— A; a®b— ab

is a split epimorphism as A-A-bimodules.
(2) For a ring homomorphism R — A, it is said to be split if A =2 R® M as R-R-
bimodules for some R-R-bimodule M.

Example 6.2. Let A be a ring and G be a finite group acting on A. Then the skew group
ring AG is a split Frobenius extension over A; see [4, Lemma 4.5 and Proposition 2.13].
Note that the ordinary group rings are special cases of skew group rings.

If, in addition, the order of G, denoted by |G/, is invertible in A, then AG is also a
separable extension over R. Indeed, choose e = |G|~} dgecd® g ' € AG @ AG, then
for each a € AG, ae = ea, and hence [31, Lemma 2.9] implies that AG is separable over

A.

6.3. (1) Assume R — A is a separable extension. For any module M over A, note that
M is a direct summand of A ® g M as an A-module.

(2) Assume R — A is a split extension. For any module M over R, note that M is a
direct summand of A ® g M; see [32].

6.4. Following [28], we say KRS holds for mod(R) if the Krull-Remak-Schmidt theorem
holds for finitely generated left R-modules; see [28, Chapter 1]. Note that KRS holds for
finitely generated left modules over the following class of rings:

(1) Left Artinian rings; see [26, Corollary 19.23].
(2) Commutative Henselian local rings [28, Theorem 1.8]. For example, any complete
local ring is Henselian.
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Let X be a full subcategory of mod(R). X is said to have finite representation type if
only finitely many isomorphism classes of indecomposable modules exist in X.

Lemma 6.5. Assume KRS holds for finitely generated modules over R. Assume X is a
full subcategory of mod(R) that is closed under finite direct sums and direct summands.
Then X has finite representation type if and only if X = addr(M) for some M € X.

Proof. This follows the same argument as in the proof of [11, Lemma 3.11]. O

Proposition 6.6. Let v: R — A be a Frobenius extension. Assume KRS holds for mod(R)
and mod(A). Then:

(1) Assume @ is separable. If TF"(R) has finite representation type, then so does
TF"(A).

(2) Assume ¢ is split. If TE™(A) has finite representation type, then so does TE"(R).

Proof. Note that the category of n-torsionfree modules is closed under finite direct sums
and direct summands.

(1) By assumption and Lemma 6.5, TF"(R) = addr(M) for some M € TF"(R). It
follows from Lemma 5.2 that A ® g M is in TF"(A). Combining again with Lemma 6.5,
it suffices to show TF"(A) = addr(A ®r M). As A®r M € TF"(A) and TF"(A) is
closed under direct summands, it remains to show that TF"(A) C add4(A ®r M). For
each X € TF"(A), it follows from Remark 4.6 that X € TF"(R) = addr(M), and
hence A ®@r X € adda(A ®r M) by Lemma 5.2. Since ¢ is separable, X is a direct
summand of A®g X as an A-module; see 6.3. Therefore, X € adds(A®p M), and hence
TF™(R) C adda(A®r M).

(2) By assumption and Lemma 6.5, TF"(A) = adda(N) for some N € TE"(A).
Since ¢ is Frobenius, it follows that N € TF"(R); see Remark 4.6. It suffices to prove
TF"(R) = addg(N) by Lemma 6.5. For each X € TF"(R), it follows from Lemma 5.2
that A®p X is in TF"(A). Thus, A @ X € add4(N). Rectriction scalars along ¢, we
have A ® g X € addr(N). Combining with 6.3, we conclude that X € addr(N), and
hence TF"(R) = addr(N). O

Remark 6.7. Let ¢: R — A be a Frobenius extension.

(1) For each M € mod(A), the module M is Gorenstein projective over A if and
only if it is Gorenstein projective over R; see [7]. Combining this with [31, Lemma 2.3],
the same argument of Proposition 6.6 yields the following: Assume, in addition, R is
separable split, and KRS holds for mod(R) and mod(A). Then: R is CM-finite if and
only if A is CM-finite; recall that a ring R is called CM-finite if Gproj(R) has finite
representation type.

(2) Tt is worth mentioning that there is a result contained in [38, Theorem B|: Assume,
in addition, R is a commutative Artinian ring, A is an R-algebra via ¢, and ¢ is separable.
Then R is CM-finite if and only if A is CM-finite. However, Example 6.8 shows that this



88 J. Liu / Journal of Algebra 701 (2026) 59-90

result and the result concerning CM-free in [38, Theorem B] need not hold without the
split assumption.

Example 6.8. Consider the canonical projection
7 Ri=k x k[z,y]/(2?,y?) — A:=k.

This is a Frobenius extension; see [39, Remark 4.4] or Example 3.11. Moreover, 7 is a
separable Frobenius extension. This is because, for each r € k, we have

7'®R1:1'(T,0)®R1:1®R(T,O)'1:1®RT
in A®pg A, and hence there is a homomorphism
1:A=>ARr A r—ropl

of A-A-bimodules which satisfies € ot = id 4, where e: AQr A — A;r1 @ ro = 179
Note that A = k is CM-free, and thus CM-finite. However, R is not CM-finite. Indeed,

there is a surjective map R — k[z,y]/(z,%)?; (a,b) — b. It is known that k[x,y]/(z, y)?

is of infinite representation type. This yields that R is not CM-finite as R is self-injective.

Combining with Example 6.2, the following result is an immediate consequence of
Proposition 6.6 and Remark 6.7.

Corollary 6.9. Let A be a left Artinian ring and G be a finite group acting on A. Assume
|G| is invertible in A. Then:

(1) For each k > 0, TF*(AG) has finite representation type if and only if so does TF*(A).
(2) The skew group ring AG is CM-finite if and only if so is A.
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