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Let ϕ : R → A be a ring homomorphism, where R is a commutative noetherian ring 
and A is a finite R-algebra. We provide criteria for detecting the ascent and descent 
of Gorenstein homological properties. Furthermore, we observe that the ascent and 
descent of Gorenstein homological property can detect the Gorenstein property of 
rings along ϕ.
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1. Introduction

The study of the Gorenstein homological algebra can be traced back to the 1960s. Auslander and Bridger 
[1] introduced the notion of the Gorenstein dimension for finitely generated modules, and they generalized the 
well-known Auslander-Buchsbaum formula to finitely generated modules with finite Gorenstein dimension. 
A finitely generated module with Gorenstein dimension zero is referred to as a Gorenstein projective module 
in [14], and as a totally reflexive module in [5]. For an Iwanaga-Gorenstein ring, Buchweitz [8] established a 
triangle equivalence between the stable category of finitely generated Gorenstein projective modules and the 
singularity category; this celebrated theorem highlighted the theory of the Gorenstein homological algebra.

For a surjective ring homomorphism ϕ : R → A of commutative noetherian local rings, if the kernel of 
ϕ is generated by a regular sequence, then it is well-known that A is Cohen-Macaulay (resp. Gorenstein, 
complete intersection) if and only if so is R. Moreover, such ascent and descent properties along a ring 
homomorphism can be determined by certain homological properties; see for example [3,4,16].
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Let ϕ : R → A be a ring homomorphism. We say ϕ has ascent and descent of Gorenstein projective 
property if each finitely generated left or right A-module is Gorenstein projective if and only if the underlying 
R-module is Gorenstein projective. An interesting example is due to Buchweitz [8, 8.2]; he observed that 
for the integral group ring extension Z → ZG of a finite group G, a finitely generated ZG-module (or 
equivalently, an integral representation of G) is Gorenstein projective if and only if the underlying Z-module 
is Gorenstein projective (or equivalently, Z-free).

Notice that the above Z → ZG is a classical example of Frobenius extension [22]. Inspired by this fact, 
Chen [9] introduced the totally reflexive extension of rings and proved that such extension has ascent and 
descent of Gorenstein projective property. This motivates the subsequent works of Ren [25] and Zhao [28] 
on the ascent and descent of Gorenstein projective property for (not necessarily finitely generated) modules 
along Frobenius extension of rings.

However, there are ring homomorphisms that satisfy the ascent and descent of Gorenstein projective 
property, but may not be Frobenius extensions; see Examples 4.8 and 4.9. Inspired by the aforementioned 
facts, it is natural to ask: how a ring homomorphism might behave if it has ascent and descent of Gorenstein 
projective property?

To study the ascent and descent of Gorenstein projective property, we first investigate in Section 3 the 
ring homomorphism ϕ which has ascent and descent of finite Gorenstein dimension property. The main 
result in this section is a characterization of this property; see Theorem 3.11. Then, in Section 4, we get the 
following result which concerns our question.

Theorem 1.1. (See 4.3) Let ϕ : R → A be a ring homomorphism, where R is a commutative noetherian ring 
and A is a finite R-algebra. The following two conditions are equivalent :

(1) A is Gorenstein projective over R and HomR(A,R) is projective as both a left and a right A-module.
(2) ϕ has ascent and descent of Gorenstein projective property.

Let ϕ be as in Theorem 1.1. Recall that ϕ : R → A is a Frobenius extension provided that A is a projective 
R-module and there is an isomorphism HomR(A,R) ∼ = A as left A-modules. According to [21], the second 
condition can be replaced by the existence of an isomorphism HomR(A,R) ∼ = A as right A-modules. It is of 
interest to compare condition (1) in the above with the condition for a Frobenius extension.

By making use of Theorem 1.1, we show that the ascent and descent of Gorenstein projective property is 
a local property, i.e., ϕ has ascent and descent of Gorenstein projective property if and only if ϕp : Rp → Ap

does so for each prime ideal (equivalently, maximal ideal) p of R; see Corollary 4.6.
In Section 5, we study how the Gorenstein property of rings behaves along the ring homomorphism 

ϕ : R → A. The main result in this section is the following. By combining it with Theorem 3.11 and a result 
of Christensen [11, Proposition 8.3], we can reobtain a result of Avramov and Foxby; see Corollary 5.2.

Theorem 1.2. (See 5.1) Let ϕ : R → A be a ring homomorphism, where R is a commutative noetherian ring 
and A is a finite R-algebra. Assume ϕ has ascent and descent of finite Gorenstein dimension property. If 
R is an Iwanaga-Gorenstein ring, then so is A. The converse holds if, in addition, the fiber A ⊗R R/m is 
nonzero for each maximal ideal m of R.

2. Preliminaries

We say a ring is noetherian if it is a two-sided noetherian ring. Throughout, A will be a noetherian ring. 
In what follows, a module over A will mean a left A-module, and a module over Aop is identified with a right 
A-module. The category of A-modules and its full subcategory consisting of finitely generated A-modules 
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will be denoted by A-Mod and A-mod, respectively. An A-A-bimodule M will mean a module over both A
and Aop that satisfies (a1 ·m) · a2 = a1 · (m · a2) for all a1, a2 ∈ A and m ∈ M .

2.1. Gorenstein projective modules. An acyclic complex of projective A-modules

P = · · · −→ P1
∂1−→ P0

∂0−→ P−1 −→ · · ·

is called totally acyclic provided that HomA(P, Q) is still acyclic for any projective A-module Q. An A
module M is Gorenstein projective if there is a totally acyclic complex P such that M is isomorphic to 
the image of ∂0. Any projective A-module is Gorenstein projective. For each totally acyclic complex P, the 
image of ∂i, denoted by Im(∂i), is Gorenstein projective for each i ∈ Z.

The following characterization is well-known; see [1, Proposition 3.8]. Let M be a finitely generated A
module. Then M is Gorenstein projective if and only if ExtiA(M,A) = 0 = ExtiAop(HomA(M,A), A) = 0
for all i > 0, and the evaluation homomorphism eM,A : M → HomAop(HomA(M,A), A) is an isomorphism. 
Thus, a finitely generated Gorenstein projective module is also called a totally reflexive module; see [5].

2.2. Derived categories. Let D(A) denote the derived category of complexes of A-modules. It is a triangulated 
category with the suspension functor [1]; for each complex X, X[1]i := Xi−1, and ∂X[1] := −∂X . Its full 
subcategory consisting of complexes with finitely generated total homology will be denoted by Df

b (A). More 
precisely, for each X ∈ D(A), it is in Df

b (A) if and only if Hi(X) is finitely generated for all i and Hi(X) = 0
for all |i| � 0. The category Df

b (A) inherits the structure of the triangulated category from D(A).
A complex X is said to be homotopy projective (resp. homotopy injective) provided that HomA(X,−)

(resp. HomA(−, X)) preserves acyclic complexes. See [24, Section 3] for the existence of the homotopy 
projective resolution and the homotopy injective resolution of complexes. A complex X is said to be bounded 
below (resp. bounded above) if Xi = 0 for i � 0 (resp. i � 0). Every bounded below (resp. bounded above) 
complex of projective (resp. injective) modules is homotopy projective (resp. homotopy injective).

Let RHomA(−,−) : D(A)op × D(A) → D(Z) denote the right derived functor of HomA(−,−). For each 
M,N in D(A), the complex RHomA(M,N) can be represented by either HomA(P,N) or HomA(M, I), where 
P

�−→ M is a homotopy projective resolution and N �−→ I is a homotopy injective resolution.
Let −⊗L

A − : D(Aop) × D(A) → D(Z) denote the left derived functor of −⊗A −. For each M in D(Aop)
and N in D(A), the complex M ⊗L

A N can be represented by either P ⊗A N or M ⊗A Q, where P �−→ M

and Q �−→ N are homotopy projective resolutions over Aop and A, respectively.

2.3. Gorenstein dimensions. Let M be a complex in Df
b (A). A quasi-isomorphism G �−→ M is a Gorenstein 

projective resolution of M provided that Gi is a Gorenstein projective module for each i ∈ Z and Gi = 0 for 
i � 0. The Gorenstein dimension of M , denoted by G-dimA(M), is the smallest integer n such that there 
is a Gorenstein projective resolution G �−→ M such that Gi = 0 for i > n and Gn �= 0; see for example [10, 
Definition 2.3.2].

For each M ∈ A-mod, we consider it as a stalk complex concentrated in degree zero, and G-dimA(M)
is precisely the Gorenstein projective dimension of M ; see for example [18, Definition 2.8]. It is clear that 
G-dimA(M) ≤ pdA(M), where pdA(M) is the projective dimension of M over A; the equality holds if the 
latter is finite.

2.4. Iwanaga-Gorenstein rings. A noetherian ring A is said to be Iwanaga-Gorenstein provided that A
has finite injective dimension over both A and Aop. It follows from [27, Lemma A] that if A is Iwanaga
Gorenstein, then idA(A) = idAop(A) < ∞.

For each finitely generated A-module M , G-dimA(M) ≤ idA(A); see [18, Corollary 2.21]. In particular, if 
A is Iwanaga-Gorenstein, then each finitely generated A-module has finite Gorenstein dimension, and hence 
each complex in Df

b (A) has finite Gorenstein dimension as well.
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2.5. Perfect complexes. A complex X in D(A) is said to be perfect provided that it is isomorphic in D(A)
to a bounded complex of finitely generated projective A-modules; equivalently, X is compact as an object 
in D(A). See [8, Chapter 1] and [23] for more details about perfect complexes.

The full subcategory of D(A) consisting of perfect complexes is precisely the smallest triangulated sub
category of D(A) which contains A and is closed under direct summands.

2.6. Semi-dualizing complexes. Let D be a complex of A-A-bimodules. D is a semi-dualizing complex over 
A if the following conditions are satisfied:

(1) The total homology H(D) is finitely generated over A and Aop;
(2) Di = 0 for i � 0 and each Di is injective over A and Aop;
(3) The homothety morphisms

mD : A → HomAop(D,D); a �→ (x �→ ax)

and

m′
D : Aop → HomA(D,D); a �→ (x �→ xa)

are quasi-isomorphisms. If, in addition, D is a bounded complex of injective modules over A and Aop, then 
D is called a dualizing complex.

When A is commutative, the above definition of the semi-dualizing complex coincides with the definition 
in [11, Definition 2.1].

3. Ascent and descent of finite Gorenstein dimension property

The main result of this section is Theorem 3.11 which provides a description of the ascent and descent 
of finite Gorenstein dimension property.

For a ring homomorphism ϕ : R → A, the map ϕ is said to be finite provided that A is finitely generated 
over both R and Rop.

Definition 3.1. Let ϕ : R → A be a finite ring homomorphism between noetherian rings. We say ϕ has ascent 
and descent of finite Gorenstein dimension property if the following two conditions are satisfied:

(1) For each complex in Df
b (A), it has finite Gorenstein dimension over A if and only if it has finite Gorenstein 

dimension over R;
(2) For each complex in Df

b (Aop), it has finite Gorenstein dimension over Aop if and only if it has finite 
Gorenstein dimension over Rop.

By 2.4, if ϕ : R → A is a finite ring homomorphism between Iwanaga-Gorenstein rings, then ϕ has 
ascent and descent of finite Gorenstein dimension property. Conversely, if ϕ has this property, then the 
Iwanaga-Gorenstein property of rings is tested in Theorem 5.1.

In the following, we abbreviate HomA(−, A) and HomAop(−, A) as (−)∗; there will be no confusion. Let 
M be a complex in Df

b (A). One can choose a homotopy projective resolution πM : P �−→ M , where P is a 
bounded below complex of finitely generated projective A-modules. Let ι : A �−→ I be an injective resolution 
over Aop. Denote by ηM the composition of the following morphisms

ηM : P
eP,A

∼ = 
HomAop(P ∗, A)

ι∗ HomAop(P ∗, I).
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Then, the biduality morphism δM : M → RHomAop(RHomA(M,A), A) of M , as a morphism in the derived 
category D(Z), can be defined as the right fraction

ηM/πM : M → HomAop(P ∗, I).

The following is a characterization of the finite Gorenstein dimension; see [12, Theorem 10.4.5]. In the 
commutative case, it is included in [10, Corollary 2.3.8].

Lemma 3.2. Let M be a complex in Df
b (A). Then G-dimA(M) is finite if and only if the following two 

conditions are satisfied :

(1) RHomA(M,A) is in Df
b (Aop);

(2) The biduality morphism δM : M → RHomAop(RHomA(M,A), A) is an isomorphism in D(Z).

Remark 3.3. Let M be a complex in Df
b (A). If G-dimA(M) is finite, then it follows from Lemma 3.2 that 

G-dimAop(RHomA(M,A)) is also finite.

Lemma 3.4. Keep the same notations as above. Let π : Q �−→ P ∗ be a homotopy projective resolution of P ∗

over Aop. Then

(1) The biduality morphism δM is an isomorphism in D(Z) if and only if the map π∗ : P ∗∗ → Q∗ is a 
quasi-isomorphism.

(2) Let X be a bounded above complex over A. If X is perfect in D(A), then there is a quasi-isomorphism

π ⊗X : Q⊗A X
�−→ P ∗ ⊗A X.

Proof. (1) Let ι : A �−→ I be an injective resolution over Aop. Since I is homotopy injective and Q is 
homotopy projective, there is a commutative diagram

P ∗∗ π∗

ι∗

Q∗

�

HomAop(P ∗, I) � HomAop(Q, I),

where two unlabeled maps are induced by ι and π respectively. Note that δM is an isomorphism in D(Z)
if and only if ι∗ is a quasi-isomorphism. By the above diagram, this is equivalent to that π∗ is a quasi
isomorphism.

(2) Since X is perfect, by [12, Theorem 5.1.14] and [8, Lemma 1.2.1], there is a quasi-isomorphism 
α : F �−→ X such that F is a bounded complex of finitely generated projective A-modules. Consider the 
commutative diagram

Q⊗A F
π⊗F

Q⊗α

P ∗ ⊗A F
εP,F

P∗⊗α

HomA(P, F )

α∗

Q⊗A X
π⊗X

P ∗ ⊗A X
εP,X

HomA(P,X),
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where εP,F and εP,X are the tensor evaluation isomorphisms; see [12, Theorem 4.5.10]. Note that π ⊗ F

and Q ⊗ α are quasi-isomorphisms; see [24, Proposition 5.8]. It is clear that α∗ is a quasi-isomorphism. 
Therefore, the above diagram yields that P ∗ ⊗ α, and then π ⊗X, are quasi-isomorphisms. �

If X is a bounded complex of finitely generated projective A-modules, the functor −⊗AX preserves quasi
isomorphisms. However, this does not hold if X is only assumed to be perfect, and therefore Lemma 3.4 (2) is 
not trivial in general. For example, let A = Z/4Z and X = · · · 2 −→ Z/4Z 2 −→ Z/4Z 2 −→ Z/4Z 2 −→ · · · . Note that 
X is acyclic, hence perfect, but X ⊗A X is not acyclic; indeed, the element of the form (· · · , 0, 0, 2, 0, 0, · · · )
in each degree of X ⊗A X is a cycle but not a boundary. This shows that − ⊗A X does not preserve 
quasi-isomorphisms.

In what follows, let R be a commutative noetherian ring. The ring A is said to be a finite R-algebra if 
there is a ring homomorphism ϕ : R → A such that the image of ϕ is in the center of A and A is finitely 
generated as an R-module.

Proposition 3.5. Let ϕ : R → A be a ring homomorphism, where A is a finite R-algebra and G-dimR(A) is 
finite. Let R �−→ I be an injective resolution of R and set D = HomR(A, I). Then

(1) D is a semi-dualizing complex over A.
(2) If D is a perfect complex of A-modules, then for each complex M ∈ Df

b (A), there is an Aop-linear 
quasi-isomorphism

θM : Q⊗A D
�−→ HomR(P, I),

where P is a bounded below complex of finitely generated projective A-modules such that P �−→ M is 
a homotopy projective resolution of M over A, and π : Q �−→ HomA(P,A) is a homotopy projective 
resolution of HomA(P,A) over Aop.

Proof. (1) For the commutative case, the result is established in [11, Theorem 6.1], and the argument 
extends naturally to the non-commutative setting.

(2) By the adjunction, there is an isomorphism

HomA(P,D) = HomA(P,HomR(A, I)) ∼ = HomR(P, I).

Consider the following Aop-linear morphisms

Q⊗A D
π⊗D −−−→ HomA(P,A) ⊗A D

εP,D −−−→ HomA(P,D),

where εP,D is an isomorphism by the tensor evaluation; see [12, Theorem 4.5.10]. Hence, the required quasi
isomorphism follows immediately from Lemma 3.4. �

If, in addition, A is a commutative noetherian local ring, then the assumption of Proposition 3.5 (2) 
implies that D is isomorphic to a suspension of A in Df

b (A); see [11, Proposition 8.3]. However, in general, 
this is not true; see Example 3.6.

Example 3.6. Consider the ring homomorphism ϕ : R = Z → A = Z/2Z × Z defined by ϕ(n) = (n, n). 
Set D = HomR(A, I) as in Proposition 3.5. Since A is regular, D is a perfect complex over A. A direct 
calculation shows that D ∼ = Z/2Z[−1] ⊕Z in Df

b (A). Consequently, D is not isomorphic to a suspension of 
A in Df

b (A).
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Example 3.7. Let R be a commutative noetherian ring of characteristic 2 and A = R[x]/(x2). Let R �−→ I be 
an injective resolution over R. By Proposition 3.5, HomR(A, I) is a semi-dualizing complex over A. Moreover, 
HomR(A, I) is perfect over A since there is an A-linear quasi-isomorphism HomR(A,R) �−→ HomR(A, I)
and an isomorphism of A-modules A

∼ =  −→ HomR(A,R); note that A is isomorphic to the group algebra RG

(x �→ g + 1, G is a group {1, g | g2 = 1} of two elements), the isomorphism A
∼ =  −→ HomR(A,R) now follows 

from the same argument of [26, Proposition 4.2.6].
However, HomR(A, I) cannot be isomorphic to a dualizing complex in Df

b (A) if R is not Iwanaga
Gorenstein. Indeed, if R is not Iwanaga-Gorenstein, then Theorem 3.11 and Theorem 5.1 will imply that 
neither is A. This yields that the injective resolution of A cannot be bounded. Since HomR(A, I) is an 
injective resolution of A, we get that HomR(A, I) is not dualizing.

Proposition 3.8. Let A be a noetherian ring and D be a semi-dualizing complex. Assume D is a perfect 
complex of A-modules. For each M in Df

b (A) with finite Gorenstein dimension, the evaluation morphism

eM,D : M → HomAop(HomA(M,D), D)

is an A-linear quasi-isomorphism.

Proof. One can check directly that eM,D is A-linear. Note that D is homotopy injective over A and Aop. 
By taking a projective resolution of M , we may assume M = P to be a bounded below complex of finitely 
generated projective A-modules with finite Gorenstein dimension.

Keep the notations as above. Choose a homotopy projective resolution π : Q �−→ P ∗. Since G-dimA(P ) <
∞, the biduality morphism δP is a quasi-isomorphism. It follows from Lemma 3.4 that π∗ : P ∗∗ → Q∗ is a 
quasi-isomorphism. Consider the commutative diagram

P
eP,D

∼ = eP,A

HomAop(HomA(P,D), D)

(εP,D)∗

P ∗∗

π∗ �

HomAop(P ∗ ⊗A D,D)

(π⊗D)∗

HomAop(Q⊗A D,D)

γ∼ = 

HomAop(Q,A)
(mD)∗

HomAop(Q,HomAop(D,D)),

where the quasi-isomorphism π∗ is from Lemma 3.4, and γ is induced from the adjunction. Since D is 
homotopy injective and perfect over A, it follows from Lemma 3.4 that (π ⊗ D)∗ is a quasi-isomorphism, 
and we infer the isomorphism (eP,D)∗ by the tensor evaluation; see [12, Theorem 4.5.10]. By assumption, 
mD is a quasi-isomorphism. Then so is (mD)∗ since Q is homotopy projective. Therefore, the above diagram 
yields that eP,D is a quasi-isomorphism. �
Remark 3.9. If A is a noetherian ring with a dualizing complex D, then there is a quasi-isomorphism 
eM,D : M �−→ HomAop(HomA(M,D), D) for any complex M in D(A) with degree-wise finitely generated 
homology modules; see [12, Theorem 10.1.23], the commutative case of this result is included in [17, Chapter 
V, Proposition 2.1].
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Lemma 3.10. Let ϕ : R → A be a ring homomorphism, where R is a commutative noetherian ring and A is 
a finite R-algebra. For a finitely generated Gorenstein projective A-module N and a prime ideal p of R, if 
there exists n > 0 such that ExtnAp

(Mp, Np) = 0 for each finitely generated Gorenstein projective A-module 
M , then Np is projective over Ap.

Proof. For N , there exists a long exact sequence

0 → N → P0
∂0 −→ P−1 → · · ·

∂−(n−2) −−−−−→ P−(n−1) → C → 0,

where Pi is a finitely generated projective A-module for each i, and C is a finitely generated Gorenstein 
projective A-module.

If n = 1, then the short exact sequence 0 → Np → (P0)p → Cp → 0 splits, and Np is projective over Ap. 
Assume n > 1. Applying HomA(C,−) to the above long exact sequence, we have

ExtnA(C,N) ∼ = Extn−1
A (C, Im(∂0)) ∼ = · · · ∼ = Ext1A(C, Im(∂−(n−2))).

Combining with ExtnAp
(Cp, Np) = 0, we have Ext1Ap

(Cp, Im(∂−(n−2))p) = 0. It follows that Cp is projective 
over Ap, and hence all Im(∂i)p and Np are projective over Ap. �

Now, we are in a position to state the main result of this section.

Theorem 3.11. Let ϕ : R → A be a ring homomorphism, where R is a commutative noetherian ring and A
is a finite R-algebra. The following two conditions are equivalent :

(1) G-dimR(A) < ∞ and RHomR(A,R) is perfect over both A and Aop.
(2) ϕ has ascent and descent of finite Gorenstein dimension property.

Proof. Set D = RHomR(A,R), which can be represented by HomR(A, I), where I is an injective resolution 
of R. In what follows, we identify RHomR(−, R) with HomR(−, I).

(1) ⇒ (2). Let M be a complex in Df
b (A). In the following, we will show that M has finite Gorenstein 

projective dimension over A if and only if it has finite Gorenstein projective dimension over R. The similar 
result holds for any complex in Df

b (Aop).
First, assume G-dimA(M) < ∞. Since D is perfect over A, it follows from Lemma 3.2 that RHomA(M,D)

has finitely many non-zero homology modules. Then, we infer that RHomR(M,R) is in Df
b (R) by 

RHomA(M,D) ∼ = RHomR(M,R). Consider the commutative diagram

M
eM,I

eM,D

HomR(HomR(M, I), I)

∼ = 

HomAop(HomA(M,D), D)
∼ = HomAop(HomR(M, I), D),

where the unlabeled isomorphisms are due to the adjunction (Res,HomR(A,−)). It follows from Proposi
tions 3.5 and 3.8 that eM,D is a quasi-isomorphism, and hence so is eM,I . Combining with RHomR(M,R) ∈
Df

b (R), we conclude by Lemma 3.2 that G-dimR(M) < ∞.
Now, assume G-dimR(M) < ∞. Since D is a perfect complex over Aop, one has G-dimR(D⊗L

A M) < ∞. 
Then, by Lemma 3.2 we infer that

RHomA(M,A) � RHomA(M,RHomR(D,R)) � RHomR(D ⊗L
A M,R)
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is in Df
b (Aop). Note that the first quasi-isomorphism holds since

eA,I : A �−→ HomR(HomR(A, I), I) = RHomR(D,R),

which is due to G-dimR(A) < ∞, and is also linear over A and Aop.
For complex M ∈ Df

b (A), there is a quasi-isomorphism P �−→ M , where P is a bounded below complex 
of finitely generated projective A-modules. Let π : Q �−→ HomA(P,A) be a homotopy projective resolution. 
Consider the commutative diagram

P
eP,A

∼ = 
eP,I �

HomAop(HomA(P,A), A)

π∗

HomR(HomR(P, I), I)

(θM )∗

HomAop(Q,A)

(eA,I)∗

HomR(Q⊗A D, I)
∼ = HomAop(Q,HomR(D, I)),

where the quasi-isomorphism eP,I is from Lemma 3.2, the morphism θM is from Proposition 3.5, and the 
unlabeled isomorphism is due to the adjunction (− ⊗A D,HomR(D,−)). Since Q is homotopy projective 
and eA,I is a quasi-isomorphism, one gets that (eA,I)∗ is also a quasi-isomorphism. It follows immediately 
from Proposition 3.5 that (θM )∗ is a quasi-isomorphism as I is homotopy injective. Thus, we conclude 
from the above diagram that π∗ is a quasi-isomorphism. Note that RHomA(M,A) ∈ Df

b (Aop). Hence, 
G-dimA(M) < ∞ by Lemmas 3.2 and 3.4.

(2) ⇒ (1). Since ϕ has descent of finite Gorenstein dimension property, we have G-dimR(A) < ∞. This 
yields that G-dimR(D) < ∞; see Remark 3.3. Since ϕ has ascent of finite Gorenstein dimension property, 
D has finite Gorenstein dimension over both A and Aop. Next, we will show that D is perfect as a complex 
of A-modules; the same argument holds for D as a complex of Aop-modules.

Let p be a prime ideal of R, and let A-Gproj denote the category of finitely generated Gorenstein projective 
A-modules. There exists an exact triangle in Df

b (A):

K[n−1] → P → D → K[n], (†)

where n = G-dimA(D), P is a perfect complex over A, and K is finitely generated Gorenstein projective 
over A; see the proof of [13, Theorem 3.1] (see also [12, Chapter 9]). For each M ∈ A-Gproj, since P is 
perfect, there exists l > 0 such that Ext>l

A (M,P ) = 0, and hence Ext>l
Ap

(Mp, Pp) = 0. Set d = dim(Rp). 
By the hypothesis, G-dimR(M) < ∞, and hence G-dimRp

(Mp) < ∞. It follows from [1, Theorem 4.13 and 
Corollary 4.15] that G-dimRp

(Mp) ≤ d and Ext>d
Rp

(Mp, Rp) = 0. This implies Ext>d
Ap

(Mp, Dp) = 0. Applying 
RHomA(M,−) to (†), we get an exact triangle

RHomA(M,K)[n−1] → RHomA(M,P ) → RHomA(M,D) → RHomA(M,K)[n]

in D(Z). Combining this with Ext>l
Ap

(Mp, Pp) = 0 = Ext>d
Ap

(Mp, Dp), we conclude that there exists an 
integer m > max{l, d} + n such that Ext>m

Ap
(Mp,Kp) = 0 for each M ∈ A-Gproj. By Lemma 3.10, Kp is 

projective, and hence Dp is a perfect complex over Ap by (†). As p is arbitrary, it follows from [19, Lemma 
4.2] that D is a perfect complex over A. This completes the proof. �
Remark 3.12. Keep the assumptions as Theorem 3.11. The condition (1) is equivalent to that G-dimRp

(Ap) <
∞ and HomRp

(Ap, Rp) is perfect over both Ap and (Ap)op for each prime ideal p of R; see [2, Corollary 
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6.3.4] and [6, Proposition III 6.6]. By Theorem 3.11, ϕ : R → A has ascent and descent of finite Gorenstein 
dimension property if and only if ϕp has ascent and descent of finite Gorenstein dimension property for each 
prime ideal p of R.

In [3, Section 4], Avramov and Foxby raised a question: Let ϕ : R → A be a finite ring homomor
phism of commutative noetherian local rings. For a finitely generated A-module M , if both G-dimR(A) and 
G-dimA(M) are finite, is G-dimR(M) finite?

By Theorem 3.11, one can get the following result.

Corollary 3.13. Let ϕ : R → A be a finite ring homomorphism of commutative noetherian rings. Assume 
RHomR(A,R) is perfect over A. For a finitely generated A-module M , if both G-dimR(A) and G-dimA(M)
are finite, then G-dimR(M) is finite.

Remark 3.14. When ϕ is, in addition, a local ring homomorphism, Corollary 3.13 is not new and can be 
proved by combining a result of Avramov and Foxby [3, Lemma 6.5 and Theorem 7.11] with a result of 
Christensen [11, Proposition 8.3].

A surjective ring homomorphism π : R → A of commutative noetherian rings is said to be a complete 
intersection if the kernel of π is generated by a regular sequence of R. Theorem 3.11 yields the following 
well-known result; see [10, Theorem 2.3.12].

Corollary 3.15. Any complete intersection map has ascent and descent of finite Gorenstein dimension prop
erty.

Proof. Let π : R → A = R/(x1, . . . , xn) be a complete intersection map, where x1, . . . , xn is a regular 
sequence of R. By [7, Proposition 1.6.10 and Corollary 1.6.14], the projective dimension of A over R is finite 
and RHomR(A,R) � A[−n]. Then, it follows from Theorem 3.11 that π has ascent and descent of finite 
Gorenstein dimension property. �
4. Ascent and descent of Gorenstein projective property

In this section, we give a characterization of the ascent and descent of Gorenstein projective property; 
see Theorem 4.3. This characterization yields that the ascent and descent of Gorenstein projective property 
is a local property; see Corollary 4.6.

Definition 4.1. Let ϕ : R → A be a ring homomorphism between noetherian rings. We say ϕ has ascent and 
descent of Gorenstein projective property if the following two conditions are satisfied:

(1) For each finitely generated A-module, it is Gorenstein projective over A if and only if it is Gorenstein 
projective over R;

(2) For each finitely generated Aop-module, it is Gorenstein projective over Aop if and only if it is Gorenstein 
projective over Rop.

The lemma below follows from [13, Theorem 3.1]; see also [12, Proposition 9.1.17]. In the commutative 
case, it is a consequence of [10, Corollary 2.3.8].

Lemma 4.2. Let A be a noetherian ring. If M is a finitely generated A-module with finite Gorenstein dimen
sion and ExtiA(M,A) = 0 for all i > 0, then M is Gorenstein projective.
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Theorem 4.3. Let ϕ : R → A be a ring homomorphism, where R is a commutative noetherian ring and A is 
a finite R-algebra. The following two conditions are equivalent :

(1) A is Gorenstein projective over R and HomR(A,R) is projective over both A and Aop.
(2) ϕ has ascent and descent of Gorenstein projective property.

Moreover, if ϕ has ascent and descent of Gorenstein projective property, then for each finitely generated 
A-module M , G-dimR(M) = G-dimA(M).

Proof. The equality G-dimR(M) = G-dimA(M) is straightforward under the given assumption. We only 
need to prove the first statement.

(1) ⇒ (2). It follows from Theorem 3.11 that ϕ has ascent and descent of finite Gorenstein dimension 
property. It suffices to prove that for any finitely generated A-module M , G-dimA(M) = 0 if and only if 
G-dimR(M) = 0. By an analogous argument, the assertion for finitely generated Aop-modules also holds.

Assume G-dimA(M) = 0. Since ϕ has descent of finite Gorenstein dimension property, G-dimR(M) < ∞. 
Moreover, by the hypothesis that HomR(A,R) is a projective A-module, we infer that for all i > 0,

ExtiR(M,R) ∼ = ExtiA(M,HomR(A,R)) = 0.

It follows immediately from Lemma 4.2 that G-dimR(M) = 0.
Now, assume G-dimR(M) = 0. Since HomR(A,R) is projective over Aop and M is a Gorenstein projective 

R-module, we infer that HomR(A,R) ⊗A M is also a Gorenstein projective R-module. Moreover, for any 
i > 0 we conclude that

ExtiA(M,A) ∼ = ExtiA(M,HomR(HomR(A,R), R))
∼ = ExtiR(HomR(A,R) ⊗A M,R) = 0

Note that G-dimA(M) < ∞ as ϕ has ascent of finite Gorenstein dimension property. Then, it follows from 
Lemma 4.2 that G-dimA(M) = 0.

(2) ⇒ (1). Since ϕ has descent of Gorenstein projective property, A is Gorenstein projective as an R
module. This yields that HomR(A,R) is also a Gorenstein projective R-module, and then HomR(A,R) is 
Gorenstein projective over both A and Aop as ϕ has ascent of Gorenstein projective property. There is a 
short exact sequence

0 → HomR(A,R) → F → C → 0

in A-mod, where F is projective and C is Gorenstein projective. Then the hypothesis yields that C is also 
Gorenstein projective over R. We infer that the sequence is split from

Ext1A(C,HomR(A,R)) ∼ = Ext1R(C,R) = 0;

the isomorphism here follows from RHomR(A,R) � HomR(A,R) and the adjunction (Res,RHomR(A,−)). 
Hence, HomR(A,R) is a projective A-module. The same argument will show that HomR(A,R) is a projective 
Aop-module. This completes the proof. �

From the above result and (1) ⇒ (2) in Theorem 3.11, there is a natural observation: if ϕ has ascent 
and descent of Gorenstein projective property, then ϕ has ascent and descent of finite Gorenstein dimension 
property.
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Following [7, Definition 3.1.18], a commutative noetherian ring A is said to be Gorenstein provided 
that Ap is Iwanaga-Gorenstein for each prime ideal p of A. A commutative Gorenstein ring need not be 
Iwanaga-Gorenstein. However, a commutative Gorenstein ring with finite Krull dimension must be Iwanaga
Gorenstein; see for example [8, Theorem 4.1.1]. The following is immediate from [7, Theorem 3.3.7] and 
Theorem 4.3.

Corollary 4.4. Let ϕ : (R,m) → (A, n) be a finite local homomorphism of Gorenstein local rings with the 
same Krull dimension. Then ϕ has ascent and descent of Gorenstein projective property.

Next, we prove that the ascent and descent of Gorenstein projective property is a local property; see 
Corollary 4.6. Before that, we need the following result, which can be proved by using the characterization 
of finitely generated Gorenstein projective modules; see 2.1.

Lemma 4.5. Let R be a commutative noetherian ring and A a finite R-algebra. For any finitely generated 
A-module M , the following are equivalent :

(1) M is Gorenstein projective over A.
(2) Mp is Gorenstein projective over Ap for each prime ideal p of R.
(3) Mm is Gorenstein projective over Am for each maximal ideal m of R.

If we replace ``Gorenstein projective'' in Lemma 4.5 with ``projective'', the above statement still holds. 
Combining this with Theorem 4.3 and Lemma 4.5, we obtain that the ascent and descent of Gorenstein 
projective property is a local property.

Corollary 4.6. Let ϕ : R → A be a ring homomorphism, where R is a commutative noetherian ring and A is 
a finite R-algebra. The following are equivalent :

(1) ϕ : R → A has ascent and descent of Gorenstein projective property.
(2) ϕp : Rp → Ap has ascent and descent of Gorenstein projective property for each prime ideal p of R.
(3) ϕm : Rm → Am has ascent and descent of Gorenstein projective property for each maximal ideal m of R.

The notion of Frobenius extension of rings is a generalization of Frobenius algebra [22], which includes 
many interesting examples. Following [21, Theorem 1.2], a ring homomorphism S → A is called a Frobenius 
extension if the following equivalent conditions hold:

(1) A is a finitely generated projective S-module and there is an isomorphism A ∼ = HomS(A,S) over both 
A and Sop.

(2) A is a finitely generated projective Sop-module and there is an isomorphism A ∼ = HomSop(A,S) over 
both S and Aop.

Using Theorem 4.3, one can immediately get the following. Indeed, a stronger result that any Frobenius 
extension has ascent and descent of Gorenstein projective property was established in [9,25,28]. However, 
as shown in Example 4.8, the converse does not hold in general.

Corollary 4.7. Let ϕ : R → A be a ring homomorphism, where R is a commutative noetherian ring and A
is a finite R-algebra. If it is a Frobenius extension, then ϕ has ascent and descent of Gorenstein projective 
property.

The next example shows that the converse of Corollary 4.7 is not true.
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Example 4.8. Consider the injection map which maps t to x2:

R = k�t�/(t2) ↪→ A = k�x, y, z�/(x2 − y2, x2 − z2, xy, xz, yz).

Both R and A are artinian Gorenstein local rings; see [7, Example 3.2.11]. This map has ascent and descent 
of Gorenstein projective property, but it is not a Frobenius extension. Since dimk(R) = 2 and dimk(A) = 5, 
A cannot be free over R. This implies that A is not projective over R as R is local.

We end this section with an example that has ascent and descent of Gorenstein projective property, but 
it is not a Frobenius extension, not a ring homomorphism between Iwanaga-Gorenstein rings, and not a 
complete intersection map.

Example 4.9. Let S be a commutative noetherian ring which is not Iwanaga-Gorenstein. Consider the 
canonical surjection

π : R = S�x�/(x2) ↠ S.

One can check directly that HomR(S,R) ∼ = S as S-modules, and S is Gorenstein projective as an R-module. 
It follows from Theorem 4.3 that π has ascent and descent of Gorenstein projective property.

5. Testing Iwanaga-Gorenstein rings

The main result of this section is the following.

Theorem 5.1. Let ϕ : R → A be a ring homomorphism, where R is a commutative noetherian ring and A
is a finite R-algebra. Assume ϕ has ascent and descent of finite Gorenstein dimension property. If R is an 
Iwanaga-Gorenstein ring, then so is A. The converse holds if, in addition, the fiber A⊗R R/m is nonzero 
for each maximal ideal m of R.

Proof. Let R be an Iwanaga-Gorenstein ring. Take a minimal injective resolution R �−→ I over R. Note that 
for each injective R-module E, HomR(A,E) is injective over both A and Aop. Combining with idR(R) < ∞, 
then D := HomR(A, I) is a bounded complex of A-A-bimodules and each term Di is injective over both A
and Aop.

Since ϕ has ascent and descent of finite Gorenstein dimension property, Theorem 3.11 yields that D is 
perfect over both A and Aop. Then one can choose a projective resolution π : Q �−→ D over Aop such that Q
is a bounded complex of finitely generated projective Aop-modules.

For any finitely generated projective Aop-module P , HomAop(P,A) is a projective A-module. For any 
A-A-bimodule E, if E is an injective A-module, then it follows from [15, Theorem 3.2.16] that as an A
module, HomAop(P,E) ∼ = E⊗A HomAop(P,A) is also injective. Hence, HomAop(Q,D) is a bounded complex 
of injective A-modules.

Consider the A-linear morphisms

A
�−→ HomAop(D,D) π∗ −→ HomAop(Q,D),

where the first quasi-isomorphism is from Proposition 3.5. Since D is homotopy injective, π∗ is also a quasi
isomorphism. It follows that idA(A) < ∞. The same argument will show idAop(A) < ∞. Therefore, A is an 
Iwanaga-Gorenstein ring.

Conversely, we assume A is an Iwanaga-Gorenstein ring and A⊗R R/m �= 0 for each maximal ideal m of 
R. For each i and each A-module M , there is an isomorphism
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ExtiR(M,R) ∼ = ExtiA(M,D).

Note that D is perfect over both A and Aop by Theorem 3.11. Combining this with idA(A) < ∞, we conclude 
that there exists an positive integer j such that Ext>j

R (M,R) = 0 for every A-module M . For each maximal 
ideal m of R, by assumption A⊗R R/m is not zero, and then it is a direct sum of some copies of R/m over 
R. If we choose M to be A⊗R R/m, then Ext>j

R (R/m, R) = 0. In particular,

Ext>j
Rm

(Rm/mRm, Rm) = 0.

This implies that idRm
(Rm) ≤ j; see [7, Proposition 3.1.14]. Since m is arbitrary, idR(R) ≤ j. Hence, R is 

an Iwanaga-Gorenstein ring. This completes the proof. �
Combining Theorem 3.11, Theorem 5.1, and Christensen’s result [11, Proposition 8.3], one can get the 

following result which is due to Avramov and Foxby [3, 4.4.4 and 7.7.2]; see also [20, Theorem 6.2].

Corollary 5.2. Let ϕ : (R,m) → (A, n) be a finite local ring homomorphism. If A is Gorenstein, then R is 
Gorenstein if and only if G-dimR(A) is finite.

Proof. The ``only if'' part is clear since R is a Gorenstein ring.
For the ``if'' part, assume G-dimR(A) is finite. This implies that D = HomR(A, I) is in Df

b (A) (see 
Lemma 3.2), where I is an injective resolution of R. Since A is Gorenstein, G-dimA(D) < ∞. By Proposi
tion 3.5, D is semi-dualizing. It follows from [11, Proposition 8.3] that D � A[j] for some j ∈ Z. Combining 
this with the finiteness of G-dimR(A), Theorem 3.11 yields that ϕ has ascent and descent of finite Gorenstein 
dimension property. Thus, R is Gorenstein by Theorem 5.1. �
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