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INTRODUCTION

The problem of classifying thick (or localizing) subcategories of a given triangulated category
has maintained a great deal of interest—in a variety of different areas—since the work of Dev-
inatz, Hopkins, and Smith [22] in stable homotopy theory; see, for instance, [11, 12, 21, 27, 33, 40,
41, 43, 45]. Perhaps the most relevant to this paper is a theorem of Hopkins [27] and Neeman
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[33] that establishes a one-to-one correspondence between the thick subcategories of the homo-
topy category of perfect complexes over a commutative noetherian ring and the specialization
closed subsets of the prime spectrum of the ring. Thomason [45] later extended this result to quasi-
compact and quasi-separated schemes, provided the thick subcategories are closed under a certain
tensor action. These foundational results have been widely applied in both algebra and topology.

Let R be a commutative noetherian ring, and write D' (R) for its bounded derived category; the
objects are R-complexes with finitely generated total homology and morphisms are obtained by
formally inverting quasi-isomorphisms. The theorem of Hopkins-Neeman yields a classification
of the thick subcategories of D(R) when R is a regular ring. In the singular setting, the most
notable classification of the thick subcategories of D (R) is due to Stevenson [40] which establishes
a classification when R is a complete intersection in the sense that it is a regular ring modulo a
regular sequence; see also [16]. In this paper, we are concerned with a more general setting that
recovers Stevenson’s result as well as the classification of thick subcategories over an exterior
algebra over a field simultaneously.

Let E be a Koszul complex on a list of elements f1, ..., f,, regarded as a dg R-algebra in the usual
way; cf. Section 4. Let D'(E) denote the derived category of dg E-modules whose homology is
finitely generated over R. The main result of the paper classifies the thick subcategories of Df(E),
when R is a regular ring; specializing to when f is an R-regular sequence recovers Stevenson’s
theorem, and specializing to f = 0 one obtains the classification of thick subcategories for an
exterior algebra over a regular ring.

The classification is in terms of the support of the pair (A, w), denoted supp(A, w), where
A=R[x, ., x,] With w = fix; + -+ + f,x, and where each y; has homological degree —2;
see Definition 3.1 (as well as Proposition 3.2) for a precise definition of supp(4,w), and see
Proposition 4.12 for a set-theoretic description of it in this setting. Finally, let V(M) denote the
cohomological support of M over E as defined in [36, 37] (inspired by the ones defined by Avramov
and Buchweitz [1, 3] over a complete intersection ring); cf. 4.6.

Theorem A. There is an inclusion preserving bijection

Thick subcategories | 2y Specialization closed
of Df(E) << | subsets of supp(A,w) [ °

where the inverse bijections are given by

o(M=J Vi) and =(V)={M €D'(E)| Vz(M) C V}.
MeT

Specializing the theorem to when f is an R-regular sequence recovers the classification of
Stevenson in [40] for a complete intersection ring in Corollary 4.4. In the case f = 0, we have
that E is an exterior algebra over a regular ring and Theorem A establishes a bijection between
thick subcategories of D(E) and the specialization closed subsets of Spec(A); see Corollary 4.3.

There are a number of consequences of Theorem A on the homological algebra over E. For
example, whenever supp(A, w) is closed, there is a classical generator for D (E); cf. Corollary 4.5.
This applies when f =0, or when f # 0 and, for example, R is further assumed to be quasi-
excellent and local. In a different direction, recall that E is a Gorenstein dg algebra in the sense of
[24], and hence, (=) = RHomy(—, E) is a self (quasi-)inverse auto-equivalence of D(E).
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Corollary B. For each thick subcategory T of D'(E), there is an equality T = TV.

For complete intersection rings this was established in [40] via Stevenson’s classification, and
later also shown in [31] using a local-to-global principle from [13]. This also shows symmetric com-
plexity holds over E; recall the complexity of a pair M, N in Df(E) measures the polynomial rate of
growth of the minimal number of generators of Ext;,(M, N) as n — co. A consequence of Corol-
lary B (given in Corollary 4.10) is that cxp(M, N) = cxp(N, M), surprising (of course) because
of the highly non-symmetric behavior of Ext(—, —). The results above build on the philosophy
from [2, 25, 37, 44] that the nice homological properties of a complete intersection ring are merely
inherited from the well-behaved homological properties of the Koszul complex over a regular ring.

The proof of Theorem A, presented in Section 4, depends on two major ingredients. The first
is a curved version of the BGG correspondence from Martin’s thesis [32]. Namely, this establishes
an equivalence of triangulated categories between Df (E) and the category of perfect curved dg A-
modules having curvature w, denoted perf(A, w); see 4.1. The second ingredient is a classification
of thick subcategories of perf(A, w), similar to the ones of Hopkins-Neeman-Thomason, which
is given in Corollary 3.7. This classification follows from a more general classification result as
described below.

Let A be a graded algebra that is commutative noetherian and concentrated in even degrees.
Fixw € A_,, and we consider perf(A, w) as a tensor module over the tensor triangulated category
perf(A,0) in the sense of [39]; cf. 2.2.

Theorem C. In the notation above, there are inclusion preserving bijections

Thick tensor submodules | _2y [ Specialization closed subsets
of perf(A, w) A of supp(4, w) ’

where the inverse bijections are given by

o(T) = | supp(aw)(P) and (V) = {P € perf(A, w) | supp(4 ,,(P) C V}.
PeT

Here the support of P in perf(A, w), denoted supp 4 ,,y(P), is the set of primes p where Py, #
0 in perf(Ap, wp). In the case w itself is zero, Theorem C provides a classification of the thick
tensor ideals of perf(A, 0); this is Corollary 3.6, and recovers the theorem of Hopkins-Neeman-
Thomason for (graded) rings. Furthermore, this result can be regarded as the algebraic analog of
the classification of Hirano in [26, Theorem 1.1].

More generally, the classification in Theorem C establishes that perf(A, w) has a tensor module
generator whenever supp(A4, w) is closed (which holds, for example, when w = 0 or when w is a
regular element and A is a smooth over a graded field); this is the content of Corollary 3.9. When A
is regular, thick subcategories of perf(A, w) are thick tensor submodules and so the classification
in Theorem C specializes to the bijection applied in Theorem 4.2, with the same maps o and 7
defined above:

Thick subcategories | _2 s [ Specialization closed subsets
of perf(A, w) of supp(4, w) )

T
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This last result was also recently proven by Briggs in [16, Theorem A.11]; interestingly, the proof
there deduces the result from a theorem that avoids the use of tensor actions, but instead requires
certain internal Hom’s to be perfect (the condition being satisfied when A is regular, for instance);
cf. Remark 3.8.

In light of the recent works [8, 9, 14], it is natural to wonder if fiberwise classifications of thick
subcategories can be used to achieve the classification in Theorem A, especially since (in this
setting) the fibers are exterior algebras and so the (classical) BGG correspondence could almost
immediately apply. However, this strategy requires the use of certain “big” categories (with a ten-
sor action), and developing this setup will take us too far astray; see Remark 4.14. Furthermore, it
is worth commenting that part of the merit of this work is it avoids the use of infinite constructions
to establish the classification in Theorem A, similar to the strategy in [21] for artinian complete
intersection rings.

1 | (CURVED) DG MODULES

Throughout fix a base commutative ring R. We first review the necessary background on
differential graded (=dg) algebras and modules.

1.1

Recall that a dg R-algebra A ={A;};c, is a graded R-algebra equipped with a degree —1
endomorphism 0 satisfying 6> = 0 and the Leibniz rule:

d(a-b)=08(a)-b+ (=D)%a-3(b);

when a # 0, the value |a| is the unique integer i such that a belongs to A;. Similarly, a (left)
graded A-module M = {M;};c, is a (left) dg A-module if it is equipped with a square-zero degree
—1 endomorphism 6™ such that

M(a-m)=38(a) - m+ (-1 -M(m) forac A, meM.

For a dg A-module M, its homology H(M) = {H;(M)};c, is a graded module over the graded R-
algebra H(A) = {H;(A)};c5-

1.2

Fix a dg R-algebra A, and let M, N be dg A-modules; in this paper, by a module we mean a left
module. A morphism of dg A-modules & : M — N is a morphism of R-complexes that is A-linear;
it is a quasi-isomorphism (indicated with “~”) if the induced map of graded H(A)-modules is
an isomorphism. Let D(A) denote the derived category of dg A-modules, obtained by formally
inverting quasi-isomorphisms of dg A-modules; cf. [30, section 9] or [4, section 2]. We will regard
D(A) as a triangulated category in the standard way, with £ denoting the suspension functor. We
write Df(A) for its full subcategory consisting of all dg A-modules M where H(M) is a finitely
generated graded H(A)-module.
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Let C be a triangulated category and recall that a full triangulated subcategory T of C is thick
if it is closed under taking direct summands. Given an object X in C, then thick-(X) denotes the
smallest thick subcategory C containing X.

Example 1.3. Assume A is a dg R-algebra with H(A) a noetherian graded algebra. In this case,
Df(A) is a thick subcategory of D(A).

Example 1.4. For a dg R-algebra A, we let perf(A) denote thickp4)(A), and call an object P

in perf(A) a perfect dg A-module. These are the dg A-modules that are quasi-isomorphic to a

summand of a dg A-module F where F admits a filtration

0=F(-1)CF0)CFQ1)C..CF(n)=F

such that each F(i)/F(i — 1) is a finite sum of shifts of A; see [4, section 3]. Note that perfect dg

A-modules are exactly the compact objects in D(A). That is to say, M is a perfect dg A-module if

and only if Homp4)(M, —) commutes with arbitrary direct sums; see [30, Proposition 9.1.13].
Next we recall the theory of curved dg modules over a curved algebra. For more on these objects,

see [38].

1.5

Let A = {A,;};c be a graded commutative R-algebra, and fixw € A_,. A curved dg A-module hav-
ing curvature w is a graded A-module M = {M},, equipped with a degree —1 map o™ : M - M
satisfying

M@a--)=(=1DadM(=) and MM =w-id" .

A morphism of curved dg A-modules is a morphism of graded A-modules « : M — N such that
adM = oNa.

Example 1.6. Let A be a graded commutative R-algebra. A curved dg A-module having curvature
zero is exactly a dg A-module.

Example 1.7. A matrix factorization of a regular element f in R, in the sense of Eisenbud [23],

can be regarded as a curved dg module. Indeed, let A = Q[y*'] where || = —2 and consider a
matrix factorization

do d

that is, each P; is a projective R-module and dyd; = f -id"* and d,d,, = f - id"0. One can associate
to P the curved dg A-module P = A ®q Py ® A ®q P, with

1®d, 0 )’
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where the curvature of P is fy € A_,. Here P can be viewed as the two-periodic sequence

_1 % 1 4 do 1 do
=Py — Py — Py— Py — Poy — Py = -

1.8
Fix a graded commutative R-algebra A. We consider the category of curved dg A-modules with cur-
vature w whose underlying graded A-module is a finitely generated graded projective A-module;
this category is denoted proj(A, w). This is a Frobenius exact category with injective/projective
objects summands of cone(id”) with P in proj(A, w), the obvious admissible short exact sequences,
and suspension XP the object in proj(A, w) satisfying

(ZP), =P, , and a-Zp=(-1)%(a-p) forallac A, peP.

Let perf(A, w) denote the stable category of proj(A, w), which then obtains a triangulated structure
in the usual way, called the category of perfect curved dg A-modules having curvature w. Note that
perf(A, w) is also the homotopy category of proj(A, w) regarded as a dg category.
1.9
Fix A = {A;};c7, a graded commutative noetherian ring. For v, w € A_, there is a pairing
proj(A, v) X proj(A,w) — proj(A,v + w)

assigning (P, P’) to the curved dg A-module with curvature v + w given by

P®, P with PP (x®y) =" x)®@y+ (-1 x®8"(y) forxeP,yeP.

As — ®, — is bi-exact on projective A-modules and bi-additive, it follows that there are induced
pairings

perf(A,v) X perf(A,w) — perf(4,v + w),

that are bi-exact, bi-additive, and suitably compatible.

1.10
Paralleling the discussion above in 1.9, there are also bi-exact, bi-additive functors
perf(A,v)°P x perf(A, w) — perf(4,w — v),

where (P, P") = Hom 4(P, P’) with the usual Hom-differential
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aHomA(P,P/)(f) — aP’f _ (_1)|f|faP .
For P in perf(A4, v), we write PV = Hom 4(P, A), which belongs to perf(A4, —v).

Remark 1.11. Note that perf(A,w) is the homotopy category of proj(A,w) regarded as a
pre-triangulated dg category. In particular,

ker gHoma(P.P")
N N = 2% -
Homperf(A,w)(P’P ) - H(HomA(P’P )) - Im gHom4(P,P")

for any pair P, P’ in perf(A, w). Furthermore, for P in perf(A, v) and P’ in perf(A, w), then there
are natural isomorphisms:

(1) HoMpef(4 p410)(P ®4 P', =) = Hompg (4 ) (P, Hom 4 (P, —)), and
(2) Hom,(—,P' ® 4 P) =~ Hom,(—,P") ® 4 P in perf(A, 0).

We will call a graded commutative noetherian ring regular if every finitely generated graded
module has finite projective dimension.

Proposition 1.12. Let A be a graded commutative noetherian ring. The obvious functor proj(A, 0) —
D(A) induces an exact functor perf(A,0) — D(A); if A is regular or concentrated in nonnegative
degrees, then the functor restricts to an equivalence of triangulated categories @ : perf(A,0) —
perf(A). In particular, if A is regular or concentrated in nonnegative degrees, then

thick,err(a,0)(A) = perf(4,0).

Proof. Note that a curved dg A-module with curvature 0 is exactly a dg A-module. Also, the sus-
pensions are the same on proj(A, 0) and D(A), exact sequences in proj(A, 0) are sent to triangles
in D(A), and phantom maps in proj(A, 0) are null-homotopic (in the classical sense), and hence,
sent to zero maps in D(A). Therefore, we obtain the triangulated functor perf(A4,0) — D(A).

When A is concentrated in nonnegative degrees, the fact that @ is an equivalence follows from
[4, Proposition 4.4].

Now assume that A is regular. In this setting, any graded projective P is semiprojective (in
the usual sense that Hom 4 (P, —) is exact and preserves quasi-isomorphisms); cf. [37, Proposition
1.2.8]. Furthermore, as A is noetherian any semiprojective dg A-module P, that is finitely gen-
erated as a graded A-module, must be a perfect dg A-module; indeed, Homp4)(P, —) commutes
with arbitrary direct sums in this case and so by Example 1.4 it follows that P is in perf(A).

As a consequence of the remarks above, the image of each object perf(A,0) under this func-
tor is in fact a perfect dg A-module. Thus, we obtain the induced exact functor @ : perf(4,0) —
perf(A). It is clear @ is essentially surjective; see Example 1.4. Finally, a pair of perfect dg A-
modules are quasi-isomorphic if and only if they are homotopy equivalent, and hence, ® is an
equivalence. Furthermore, the equality now follows immediately, as ®(A) = A and perf(A) =
thickp(4y(A). O

Remark 1.13. In general, the image of the functor perf(A4,0) — D(A) is not contained in perf(A);
see Example 2.4.
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2 | TENSOR MODULES AND SUPPORT

Fix a graded commutative noetherian ring A = {A;};c,. First we recall how perf(A,0) is a tensor
triangulated category [7].

Example 2.1. By 1.9, in the notation of 1.8, perf(A, 0) is a tensor triangulated category. Explicitly,
the tensor product P ® 4 P’ is the underlying tensor product of projective graded A-modules P & ,
P’ with

P8 (x @ y) = 0P (x) ® y + (~1)*Ix ® 37 (v)

for x € P and y € P’. Note that A is the tensor unit of perf(A, 0).

Now assume that A is regular. The equivalence perf(A, 0) = perf(A) of triangulated categories
from Proposition 1.12 clearly upgrades to one of tensor-triangulated categories, where the category
on the right is given the derived tensor product — ®i —. Therefore, by Proposition 1.12, in this
setting the tensor unit A in perf(A, 0) is a classical generator of perf(A, 0) in the sense that

thickperr(a,0(A) = perf(4,0).

2.2

Fix a tensor triangulated category (T, ®, 1), and suppose that T acts on a triangulated category
K in the sense of Stevenson [39, Section 3]; see, also, [40, 42]. Roughly speaking, if we write ©
to denote this action, then @ : T X K — K is a bi-exact, bi-additive functor that satisfies certain
compatibility relations up to natural isomorphisms like associativity and

1Ox~x forall xinK.

We call K a tensor module of T, and tensor submodules of K are exactly the thick subcategories of
K that are closed under the T-action. Furthermore, if T = thick(1) then every thick subcategory
of K is necessarily a tensor submodule of K.

Given an object x (or a set of objects) in K, we denote thickK(D (x) for the smallest thick subcategory
of K that is closed under the action of T. Therefore, whenever T = thick{(1) one has thick?(x) =
thickg (x) for all x in K.

Example 2.3. Fixw € A_,, and recall that perf(A, 0) is a tensor triangulated category by Exam-
ple 2.1. By 1.9, we obtain that perf(A, w) is a tensor perf(A, 0)-module. We let © denote the action
of perf(A, 0) on perf(A, w), and write

i~ © — thirlk©
thlck(A’w)(P) = thICkperf(A,w)(P)

where P is in perf(A, w) (or is a set of objects from perf(A, w)).

Example 2.4. Assume A = k[y,z]/(y?,yz,z%), where |y| =0, |z| = —2, and k is a field. Let M
denote the dg A-module whose underlying graded A-module is A @ £7'A and differential given
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by oM — <2 g) By definition, M is a perfect curved dg A-module with curvature 0, that is, M

is in perf(A, 0). However, as a dg A-module, M is not perfect; see [4, Example 4.12.2].
Moreover, thick(A,O)(A);éthickao)(A), as thicki4 0)(A) is not a thick tensor perf(A,0)-
submodule of perf(A,0). This follows from the fact that M ® , A = M does not belong to

thickperr(a,0)(4) © indeed, if M is in thick 4 ¢y(A), then, by applying the exact functor perf(A, 0) —
D(A) it follow that M belongs to thickp 4)(A); see [4, Proposition 3.7]. This contradicts with that
M is not a perfect dg A-module.

For the remainder of this section, fix w € A_,.

2.5

Let Spec(A) denote the collection of homogeneous primes of A. For a homogeneous prime p in
Spec(A), we write x(p) for the graded field Ay / PA, and set w(p) = x(p) ®, w in x(p). There is
an exact functor

perf(A, w) — perf(x(p), w(p))
induced by assigning to each P in perf(A, w) the perfect curved dg x(p)-module P(p) := x(p) @4

P =1x(p) © P in perf(x(p), w(p)).
When w € p, then w(p) = 0 and since x(p) is a graded field it follows that

perf(x(p), w(p)) = perf(x(p), 0) = perf(x(p));
cf. Proposition 1.12. In particular, every object in perf(x(p), w(p)) is a direct sum of shifts of copies

of x(p).
If w ¢ p, then w(p) is a unit in the graded field x(p). In the case that x(p) is concentrated in

even degrees it follows that perf(x(p), w(p)) = 0. Indeed, any object T in perf(x(p), w(p)) is of the
form

T = Teven @ Todd and 6T = < 0 d0>

with dyd; = w(p) - idTeven and d,dy = w(p) - idTodd, Since w(p) is a unit and x(p) is concentrated
in even degrees, T is zero in perf(x(p), w(p)) as

0 dyw(p)™
0 0

is a null-homotopy for id” .
Definition 2.6. Let P be in perf(A, w). Define the support of P to be

SUpp(4,)(P) = {p € Spec(A) : Py, # 0in perf(A,, wy)}.

8519017 SUOWIWOD aAIIeaID 3|qedt|dde ayy Aq peusenob ae sspnte YO ‘8sn Jo S9N Joj Arig1T8uljuQ /8|1 UO (SUonIpUoD-pUe-SWBILI0D A8 | 1M Ae.q 1 pulUO//:SdNy) SUONIPUOD pUe Wi | 8U1 89S *[520z/TT/8T] U0 ARliqi auluO AB|IM ‘OvE0L SWIIZTTT 0T/I0P/W00 A8 1M ARIq 1 PUIUO™D0SYRWPUO |//:SdNy WoJj pepeo|umod ‘G ‘SZ0Z ‘052691 T



10 of 24 | LIU and POLLITZ

In the previous definition, Py, is the homogeneous localization of the graded A-module P at the
homogeneous prime ideal p; see [17, section 1.5]. Furthermore, when we write supp 4(M), for a
graded A-module M, we mean the ordinary support of M. That is to say,

supp,(M) = {p € Spec(A) : M, # 0}.

By Nakayama’s lemma, one also has the following interpretation of support of a perfect curved dg
A-module.

Lemma 2.7. For P in perf(A, w) one has
{p € Spec(A) : P(p) # 0 in perf(x(p), w(p))} = SUPP(4 ,,)(P) = supp (A - id").

In particular, supp 4 ,)(P) is a closed subset of Spec(A), and supp 4 ., (P) = @ if and only if P = 0
in perf(A, w).

Proof. As idi ~ id"» the second equality holds. Also, ipr = 0, then P(p) = 0. Therefore, it suffices
to show if P(p) = 0, then P, = 0.
To this end, there exists  : P(p) — P(p) a degree 1 map such that

a*WB 4 par® = idf®)
Lift 8 to a degree 1 map a : P, — P, satistying a(p) = 8. Now observe that
o« :=ad" +%a: P, > P,
is an endomorphism of the curved dg A,-module Py, and by construction
a' =0 inperf(A,,w,).

However, o (p) = id”® and so by Nakayama’s lemma it follows that o’ is an automorphism
of Py,. Combining this with the fact that o’ =0 in perf(Ap,wp), it follows that P, =0 in
perf(A,, wy). O

2.8

The following are elementary properties of support.

(1) supp( )(P) = supp(4 ,)(ZP);

(2) supp4,1)(P @ P') = supp 4 ,)(P) U Supp4 ) (P");

(3) if P » P’ - P” — 3P is an exact triangle in perf(A, w), then
SUPP(4,10)(P) € SUPP(4 1) (P") U Supp(4 y(P");

(4) for any P in perf(A, w) and P’ in perf(A4, v), there is a containment

SUPP (4 1+0)(P ®4 P') € SUpp(4 ) (P) N supp 4 1)(P") .
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By 2.5, when A is concentrated in even degrees it follows that
SUPP(4,1)(P) € V(w) = {p € Spec(A) : w € p}.
Furthermore, in this setting, it also follows that equality holds in (4), above. Indeed,
P®4 P'(p) = P(P) @,y P'(P)
in perf(x(p), 0) and so
P(P) ®y(py P'(P) =0 < P(p)=0 or P'(p)=0.

Therefore, it suffices to refer to Lemma 2.7.

The next lemma is a curved version of the tensor-nilpotence theorem of Hopkins-Neeman; see
[27, Theorem 10] and [33, Theorem 1.1]; see also [21, Theorem 3.3]. The version we state here is
inspired by (and is a slight generalization of)) a version of the tensor-nilpotence theorem for matrix
factorizations due to Hirano [26, Lemma 4.2].

Lemma 2.9 (Curved tensor-nilpotence). Assume A is a graded commutative noetherian ring, with

w € A_,, and fix P,P' in perf(A,w). If a: P’ — P is a map in perf(A, w) with a(p) = 0 for all
P € supp 4 ,)(P), then there exists a positive integer n such that a®a = 0 in perf(A,n - w).

Proof. By Remark 1.11, there is a natural isomorphism

@1 Homye (4 ) (P, P) = Homg ¢4 0)(A, Hom, (P', P))

where ®(a®4") is identified with ®(a)®4”. Therefore, we have reduced to the case that w = 0 and
P’ = A. Now it remains to note that the desired tensor nilpotence was shown to hold in perf(A)
in [21, Theorem 3.3], but the proof shows tensor nilpotence holds in perf(A4, 0); namely, the argu-
ment in loc. cit. following their “Step 2” holds for objects in perf(A4, 0), and establishes the desired
statement. |

Lemma 2.10. Let a: F — G be in perf(A,0) and P in perf(A,w). If a(p) =0 for all p €
SUPP( 4 )(P), then there exists n > 0 such that a®" ® id? = 0in perf(4, w).

Proof. Below we write ® for ® 4. First observe that the map a ®id’: F® P> G®P in
perf(A, w) satisfies

a@id @x(p) 2 a@x(p)®id’ =0®id’ =0
for all p € supp,4 ,,»(P). Hence, by Lemma 2.9, we have that there is a positive integer n where
(a @idP)®" = a®" @ (id")®* =0 in perf(A,n-w).
Now observe the desired result follows from the claim that «® ® id? is a retract of a®! ®

(id”")® @ (id”)®(+D for all nonnegative integers i, as the latter is zero when i > 0 by what we
have shown above. The claim follows easily by induction, and so it suffices to check the base case.
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12 of 24 | LIU and POLLITZ

Here we have that the composition
P - Hom,(P,P)QP=~PQ®P' QP —> P

is the identity, where the first map is given by x ~ id” ®x, the second map is the isomorphism in
Remark 1.11(2), and the third map is the evaluation map on the second two factors. O

The upshot of the lemmas above is the following theorem, which is a curved version of [26,
Proposition 5.5]; the proof of Theorem 2.11 follows a similar argument to that in loc. cit.

Theorem 2.11. Assume A is a graded commutative noetherian ring, with w € A_,. If P, P are in
perf(A,w), then

P e thicka’w)(P) ifand only if  supp(4 ) (P") C supp( ,)(P).

Proof. The forward implication follows easily from the facts on support listed in 2.8. For the
converse, complete the morphism A — Hom 4 (P, P) in perf(A4,0) to an exact triangle

F5 A — Hom,(P,P) — F.
We claim that «®" ® id”" is zero for some positive integer n. Indeed, the induced maps

x(p) = Homyp,)(P(p), P(p))

are nonzero split monomorphisms for each p € supp Aw)(P"), and hence a(p) = 0 for all such p.
Thus, by Lemma 2.10, we have that «®” @ id” "=0in perf(A, w). In particular, the triangle

® , a®@id”’ =0 ® , ® .
F"Q@P ———— P' — cone(a®") @ P/ - ZF®" @ P’ in perf(4, w)

says that P’ is a retract of cone(a®") ® P'.

It is now a formal argument that cone(a®"*) ® P’ belongs to thicka w)(P), which would finish

the proof; we include the argument here for the sake of completeness. For each i > 0, define

. a®i .
C(i) := cone(F® Z— A® x~ 4).

Now iteratively applying the octahedral axiom we obtain a diagram with exact rows and columns
in perf(A4,0):

; ®igid" .
po+y 80y g S C(i) @ F —y Fo+D)

L D

) ~
OO > C(i+1) — FOOD
~ \L
c1) —— c()
~ \L
F—3 CiQF
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THICK SUBCATEGORIES OVER A KOSZUL COMPLEX 13 of 24

In particular, there is an exact triangle
CHH®FQ®P - C(i+1)®P - C1)®P - =C(H)@FQP'

and so by induction it would suffice to show C(1) ® P/ € thicka w)(P). However, this is obvious
as

C(1)® P’ =Hom,(P,P)®@P' 2P'" QPP =PQ(P'QP),

where the first isomorphism uses Remark 1.11(2). O

3 | CLASSIFICATION OF THICK TENSOR SUBMODULES
In this section, fix a graded commutative noetherian ring A with w € A_,.

Definition 3.1. Define the support of (A, w) to be

supp(4, w) := U SUpPpP(4,u)(P)
Peperf(A,w)

= {p € Spec(A) : perf(A,w) — perf(Ay, w,) is nonzero}.

The next result bounds the support of (A, w) in elementary terms when A is concentrated in
even degrees.

Proposition 3.2. Assume A is a graded commutative noetherian ring concentrated in even degrees,
and fix w € A_,. There are inclusions

{p € Spec(4) : w € p*} C supp(4,w) C {p € Spec(A) : wy, € pzAp}.

In particular, supp(A, 0) = Spec(A).
Furthermore, if, in addition, A is assumed to be regular, then

supp(A4,w) = {p € Spec(A4) : w, € p*A,}.

Proof. Let p € supp(A, w). Then by definition there exists P in perf(A, w) with P, # 0 and w € p.
Since A is concentrated in even degrees, then

P=Peven®P0dd Wlth GP:(O dl)
d, 0

Since Ap is local, using elementary column and row operations, Pp ~THT @P where T =
Teven @ Todd’ T = Téven @ ngd’ P' =P, ® P,dd’ and

even o

r_ (0 ulw 7 (0 @) p_ (0 d
a_<u O>’ a_<u’w o )’ anda_d() 0/’
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where u, u’ are square matrices with units in A, on their respective diagonals, and of /(P’ ) C pP’.
Note that T and T’ are zero in perf(AP, wp). Since P # 0, we have that P’ # 0. Therefore,

;{0 &'\ _(dd o
w-idP=< 1>=<1o )epzp’
P d, 0 0 dd
and so w, € p*A,,.

Next, if w € p* then we can write w, = Y, | a;b; with a;, b; € p. For each i, set P(i) to be the
object in perf(A, a;b;) given by

0 a

i
bi 0 )

P:=P1)®, - ®, P(n) isin perf(4,w).

A@ T4+l 4 with aP(”:(

Therefore,

As the entries in the differential of Py, are all non-units in A,, it follows that P, cannot be zero in
perf(A,, wy). Therefore, by definition p € supp(A, w).

For the furthermore statement, the same argument as in the proof of [26, Proposition 3.5] (see
also [16, Theorem A.11]) applies; we briefly sketch it for the convenience of the reader.

One first reduces to the case that A is local (in the graded sense), and assume p € Spec A sat-
isfies that w), € pzAp. If w, =0, then w = 0 as A is a domain, and hence p € supp(4, w) by the
already established containment above. If wy, # 0, then w is A-regular, again making use of the
fact that A is a domain. In this setting, perf(A, w) is equivalent to the singularity category of the
graded hypersurface ring A /(w); cf. [18, 34]. In particular, supp(A, w) corresponds to the singular
locus of A/(w), that is to say,

supp(A4, w) = {p € Spec A/(w) : (A/(w))p is not regular}.

Since w # 0 and w, € pzAp, we get that Ay/w,A, = (A/(w)), is not regular. Thus, p €
supp(A, w). This completes the proof. O

Remark 3.3. The construction of P in the second paragraph of the proof of Proposition 3.2 is based
on a classical one; cf. [19]. The same construction appears in the proof of [26, Lemma 3.6]; see also
[16, Theorem A.11]. Furthermore, similar constructions are present also in [5, 46].

Remark 3.4. As noted in Proposition 3.2, when w = 0 we have that supp(A, w) is simply Spec(A),
and hence it is clearly closed. In an orthogonal direction, when A is regular and w is a regular
element, as noted in the proof of Proposition 3.2, supp(A, w) can be identified with the singular
points

{p € SpecA/(w) : (A/(w))P is not regular};

in the case that A is further assumed to be smooth over a graded field it follows that supp(A4, w)
is closed in Spec(A), as A/(w) is excellent.
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A set-theoretic description of supp(A, w) is given when A is a symmetric algebra over a regular
ring in Proposition 4.12. It would be interesting to describe exactly when supp(A, w) is closed in
elementary terms like the conditions bounding this set in Proposition 3.2.

Recall that a union of closed subsets is called specialization closed.

Theorem 3.5. Assume A is a graded commutative noetherian ring and w € A_,. If A is
concentrated in even degrees, then there are inclusion preserving bijections

Thick tensor submodules | _2y [ Specialization closed subsets
of perf(A, w) < of supp(4, w) ’

where the inverse bijections are given by

o(T) = U supp(aw)(P) and t(V) = {P € perf(A,w) | supp 4 ,»(P) C V}.
PET

Proof. By 2.8 and Lemma 2.7, the maps o and 7 are well-defined, respectively. Also, it is clear that
the maps are inclusion preserving and satisfy: for any specialization closed subset V of supp(4, w)
we have o7t(V) C V, and for any thick tensor submodule T of perf(A,w) we have T C 7o(T).
Therefore, it remains to show the two reverse containments.

Let p € V. By Lemma 2.7, there exists P € perf(A, w) such that

P(p) #0 in perf(x(p), w(p)).

Let p = (xy,...,X,) and let K(i) denote

A@zItlA with 650 = 0
x; 0)°

where 1<ig<n. Set K=K(1)®, - ®4 K(n) which belongs to perf(4,0) and satisfies
SUpp(4,0)(K) = V(p). Therefore, K © P is in perf(A, w) and

SUpp(4,1)(K © P) = supp4 o)(K) N supp4 .,)(P) = V(p);

the first equality holds by 2.8, and the second equality uses that supp, )(K) = V(p) and
P € supp, ,)(P) with suppy ,,)(P) being closed (see Lemma 2.7). Thus, we have shown p €
SUpPP 4,y (K © P) C oz(V).

Let P! be in 7o(T). Then by definition,

supp(a,u)(P") € ) supp(a.uw)(P),
PeT

and now using that supp 4 ,,y(P’) is closed (by Lemma 2.7) and Spec(A) is noetherian, there exist
P(1),...,P(n) in T such that
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n n
supp(a,u)(P") € | SuPP(4 ) (P(0)) = supp4 (P) where P = @D P().

i=1 i=1
Now it remains to apply Theorem 2.11 to deduce that

’ o)
P’ e thlck(A’w)(P) CT,

where the subset containment uses that T is a tensor submodule of perf(A, w). O

The next result specializes to the results of Hopkins [27, Theorem 11] and Neeman [33, The-
orem 1.5]; this is also analogous to the classification of Thomason [45, Theorem 3.15] in the
geometric setting, where one needs that the thick subcategories are closed under a tensor action
as well. See also the theorem of Hirano [26, Theorem 1.1], also in a geometric context for matrix
factorizations.

Corollary 3.6. In the notation and setting of Theorem 3.5, there is a bijection of lattices:

Thick tensorideals | 2 | Specialization closed subsets
of perf(A,0) A ura of Spec(A)

Proof. This is obtained by applying the theorem with w = 0, and noting that a tensor submodule of

perf(A, 0) is exactly a thick tensor ideal. Furthermore, when w = 0 it follows from Proposition 3.2

that supp(A4, 0) = Spec(A). O

Corollary 3.7. If, in addition to the hypotheses of Theorem 3.5, A is regular, then there is a bijection
of lattices:

Thick subcategories | — 2 [ Specialization closed subsets
of perf(A, w) < of supp(4, w)

Proof. By Proposition 1.12, the tensor unit A in perf(A,0) is a classical generator. Hence, every
thick subcategory of perf(A, w) is a tensor submodule; cf. 2.2. Therefore the desired result follows
immediately from Theorem 3.5. O

Remark 3.8. The previous corollary is a recent result of Briggs in [16, Theorem A.11]. It is worth
mentioning that the result in loc. cit. is proved using a theorem where instead one asks that certain
internal Hom’s are perfect dg A-modules (which is satisfied when A is regular) to conclude that
support of endomorphism dg modules detects thick subcategories in perf(A, w). More precisely,
if P, P are in perf(A, w) with Hom4 (P, P), Hom 4(P’, P) and Hom ,(P’, P") perfect dg A-modules
then

supp, Hom, (P, P) C supp, Hom,(P',P") < P & thick(, ,,(P');

see [16, Theorem A.4].
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The last corollary of the section determines perf(A,w) admits a ®-generator exactly when
supp(A, w) is a closed subset. This applies, for instance, when w = 0 or when w is a regular
element and A is a smooth over a graded field.

Corollary 3.9. In the notation and setting of Theorem 3.5, supp(A,w) is closed if and only
if perf(A,w) admits O-generator, that is, there exists P in perf(A,w) such that thlck( A )(P) =
perf(A,w).

If, furthermore, A is regular, then these conditions are also equivalent to perf(A, w) admitting a
classical generator.

Proof. The first equivalence is an immediate consequence of the classification in Theorem 3.5,
as 7 takes closed subsets to tthkQ (P) for some P in perf(A,w). When A is regular, there is
no difference between thick subcategorles and thick tensor submodules; see Proposition 1.12 and

2.2. O

4 | THICK SUBCATEGORIES OVER A KOSZUL COMPLEX

In this section, we prove Theorem A from the introduction; cf. Theorem 4.2. First, we introduce
the notation used throughout the rest of the section.

Fix a commutative noetherian ring R. We will assume R is regular, in the usual sense that RP
is a regular local ring for all p € SpecR, or equivalently, D(R) = perf(R). We also fix a finite list
of elements f = f1,..., f,, in R, and let E denote the Koszul complex on f over R. This will be
regarded as a dg R-algebra in the usual way. That is to say, as an R-algebra

Ex /\(Re1 @ - DRe,)
R

and the differential is determined de; = f; and the Leibniz rule. We also let A = R[x1, ..., X,]
where |y;| = —2, and set

w=f1X1+"'+ann€A—2'

The proof of Theorem 4.2 makes use of Corollary 3.7 and a curved BGG correspondence of
Martin [32]; this extends a dg version of the BGG correspondence from [4, Theorem 7.4], that
holds over a base field, to regular base rings.

4.1

First, define X = Homg(A, R) ®; E equipped with the degree —1 endomorphism
n
aX — idHomR(A,R) ®aE _ le ® e,
i=1

where the second term is interpreted as left multiplication on X. Note that X is a curved dg A-
module with curvature —w. Given a dg E-module M, then equip Homg (X, M) with the degree —1

8519017 SUOWIWOD aAIIeaID 3|qedt|dde ayy Aq peusenob ae sspnte YO ‘8sn Jo S9N Joj Arig1T8uljuQ /8|1 UO (SUonIpUoD-pUe-SWBILI0D A8 | 1M Ae.q 1 pulUO//:SdNy) SUONIPUOD pUe Wi | 8U1 89S *[520z/TT/8T] U0 ARliqi auluO AB|IM ‘OvE0L SWIIZTTT 0T/I0P/W00 A8 1M ARIq 1 PUIUO™D0SYRWPUO |//:SdNy WoJj pepeo|umod ‘G ‘SZ0Z ‘052691 T



18 of 24 | LIU and POLLITZ

endomorphism
GHomXM) (o) = Mg — (—1)1*1dX  foreacha € Homy(X,M).

This assignment defines an exact functor h: Df(E) — perf(A, w); cf. [32, Lemma 5.4]. Further-
more, in loc. cit. it is shown that hM can be identified, up to isomorphism, with the following
object in perf(A, w):

n
A@yF with d=id"®" +) x ®e¢,
i=1

where F ~ M such that F is a dg E-module that is a bounded complex of finite free R-
modules. The main result of Martin’s thesis is that h: Df(E) — perf(A,w) is an equivalence of
triangulated categories.

Finally, recall the definition of supp(4, w) from Definition 3.1. A set-theoretic description of
supp(A, w) is given in Proposition 4.12.

Theorem 4.2. In the above notation, there are inclusion preserving bijections

Thick subcategories | 2y Specialization closed
of Df(E) << | subsets of supp(A,w) [ °

where the inverse bijections are given by

o(T) = U supp(a,,)(hM) and (V)={M € D'(E) | supp(4,4,)(hM) C V}.
MeT

Proof of Theorem 4.2. The curved BGG equivalence h: Df(E) — perf(4, w) in 4.1 establishes a

bijection

Thick subcategories h Thick subcategories
- .
of DI(E) of perf(A, w)

It remains to apply Corollary 3.7, and notice the desired bijection is witnessed by the maps ¢ and
T as claimed. O

By the curved BGG correspondence in 4.1 and Example 2.1, one can upgrade the triangulated
structure on Df(E) to a tensor triangular one when f = 0. Specializing to this case, we obtain the
following corollary.

Corollary 4.3. In the notation and setting of Theorem 4.2, if f = 0, then there is a bijection of
lattices:

Thick subcategories | —2 [ Specialization closed subsets
of Df(E) < of Spec(A)

Proof. This is an immediate consequence of Corollary 3.6 and Theorem 4.2. O
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The next corollary was first established by Stevenson in [40, Theorem 4.9]. It was also recently
obtained by Briggs in [16, Example A.14].

Corollary 4.4. In the notation and setting of Theorem 4.2, if f is an R-regular sequence, then there
is a bijection of lattices:

Thick subcategories 2 v | Specialization closed subsets
of D'(R/(f)) < of supp(4, w)

Proof. As f is an R-regular sequence, the augmentation map E — R/(f) is a quasi-isomorphism
of dg algebras. This induces an equivalence of triangulated categories D'(E) = Df(R/(f)), and so
now the desired classification is obtained from Theorem 4.2. O

Corollary 4.5. In the notation and setting of Theorem 4.2, D'(E) has a classical generator if and
only if supp(A, w) is a closed subset. In particular, if (i) f = 0 or (ii) f # 0 and R is quasi-excellent
and local, then D'(E) has a classical generator.

Proof. This is a direct consequence of Corollary 3.9 and Theorem 4.2. O

Next we clarify the connection between the theory of support on Df(E) obtained using the
curved BGG correspondence and the theory of cohomological support defined on Df(E) from [36,
37]; see also [1, 3, 29].

4.6

LetE} := E ®p E be the enveloping dg algebra of E over R, and regard E as a dg Ep-module via the
multiplication map E} — E. Recall that the Hochschild cohomology of E over R is HH(E/R) :=
ExtEﬁ(E,E). By [2, 2.9], the graded algebra HH(E/R) is isomorphic to H(E)[y;, ..., x,,], Where
Lxil = —2.

For each M in D(E), the left derived functor — ®]LE M : D(Ey) — D(E) induces a homomor-
phism of graded R-algebras

L

-®
A — HH(E/R) —— Ext,(M,M).

This defines a central action of A on D(E); see [6, section 3]. The cohomological support of a pair
(M,N) over E is

Vip(M,N) :=supp,4 Extp(M,N),
and set V(M) := Vy(M,M).
When M, N are in D(E), by [37, Theorem 4.3.2], Ext;(M, N) is finitely generated over A, and

hence V;(M, N) is a closed subset of Spec A.

Proposition 4.7. For each M, N in D(E), one has
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Vi(M, N) = supp4 o) (Hom,(hM, hN)).
As a consequence, V(M) = supp 4 ,,»(hM)
Proof. The curved BGG equivalence h from 4.1 induces an A-linear isomorphism
Extp(M,N) = HHom 4 (hM, hN)),
and so the first equality follows immediately. The second equality follows from the first using that
Supp 4 0)(Hom (P, P)) = supp 4 ) P,
which is a consequence of equality holding in 2.8(4) for each P in perf(A4, w). O
Proposition 4.8. For M, N in D'(E), one has M is in thickpz)(N) if and only if V(M) C Vi(N).
Proof. Using the classification in Theorem 4.2, one only needs to refer to Proposition 4.7. O

The next result specializes to [40, Corollary 4.11] when f is a regular sequence; see also [31,
Theorem 1].

Corollary 4.9. In the notation and setting of Theorem 4.2, if M is in D(E), then

thickp ) (M) = thickpg)(RHomg(M, E)) .
Furthermore, the involution RHomg(—, E) on Df(E) fixes the lattice of thick subcategories of D (E).
Proof. Let (=) = RHomg(—, E), and observe that

Ext;(M, M) = Ext,(M",M").
Thus, Vz(M) = V(M) and so the desired result follows from Propositions 4.7 and 4.8. O
Recall the complexity of M, N in Df(E) is
cxz(M,N) = inf{c : Ja > O such that an®~! > rank; (Ext;(M, N) ® k) for n > 0}.

The next result was shown in [37, Theorem 5.3.1] using a different approach; this also recovers
a result of Avramov-Buchweitz in [3, Corollary 5.7] (see also [31, Theorem 2], which argues in a
similar fashion to the way below).
Corollary 4.10. For M, N in D'(E), one has cxz(M,N) = cxp(N, M).
Proof. Let (—)Y = RHomg(—, E). If one considers the category T of all X in D'(E) such that

cxp(M,X) < cxg(M,N), then T is thick. Also, as N is in T we can use Corollary 4.9 to obtain
that NV belongs to T. Thus, cxz(M,NY) < cxz(M, N). Repeating this argument (three times) it
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follows that
cxg(M,N) = cxg(MY,NY).

Now it remains to notice that Grothendieck duality establishes the isomorphism Extp(MY,NV) =
Extp(N, M) and hence, cxz(M,N) = cxg(N, M). O

Remark 4.11. Moving beyond when R is regular, one could consider D(E/R) as in [15, 20, 28],
where many results still hold in the relative setting. The objects of D'(E/R) are those of Df(E) that
are perfect over R. In this setting, the curved BGG functor from 4.1 restricts to an exact embedding
D(E/R) — perf(A, w). However, it is unclear whether the essential image is a tensor submodule
of perf(A,w). If it were, then it seems likely that the arguments in this paper would apply to
classify the thick tensor submodules of D(E/R), and show things like

Vp(M)CVg(N) < Me thick(DD(E)(N).

We end the paper by giving a bijective correspondence between Sing(A, w) and the disjoint
union of the specific homogeneous spectrum of graded polynomial algebras, as well as some
concluding remarks.

For each p € SpecR, set

c(p) :=n—(dimRy, — embdim(R,/fR,)),

where dim and embdim represents the Krull dimension and the embedding dimension respec-
tively. If f is an R-regular sequence, then c(p) coincides with codimension of the complete
intersection ring (R/(f))y.

Proposition 4.12. There is a bijection

supp(4, w) & || Specsw,
pESpecR and (f)Cp

where S(p) = SymK(P)(Z_ZK(p)C(p)).
Proof. Observe that

supp(A,w)= | J V()

MeDf(E)
= 1 U vg0.x0,
pESpecR MeDf(E)

where the first equality holds by Theorem 4.2 and Proposition 4.7, and the second equality is from
[10, Theorem 11.3]. Also, note that when f ¢ p, then E), is contractible and so each VEv M s x(p))
is empty. Hence, we can assume f C p and we are done upon noting that

Vi, My, (p)) € SpecS(p) = Vg (R/P)y k(D))
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one makes use of a functionality of cohomological supports in [37, Proposition 3.4.3] for the
containment, and [37, Example 4.1.4(2)] to obtain the equality. O

Remark 4.13. Let ProjA/(w) denote the set of homogeneous prime ideals that do not con-
tain A/(w),. Define Sing(Proj A/(w)) := supp(A, w) N Proj A/(w). It is straightforward to verify
that

supp(A, w) = Sing(Proj A/w)) | [{(p. 1.+ %) | » € SpecR and () C p}.

Combining this with Proposition 4.12, there is a bijection

Sing(Proj A/(w)) = |_| ProjS(p);
peSpecR and (f)Cp

this was proved by Stevenson [41, Proposition 10.4] when f is a regular sequence.

Remark 4.14. In this paper, we have focused on the classification of thick subcategories of D(E). In
the spirit of [21], we avoid infinite constructions to achieve this result; the former classified thick
subcategory of D(A) when A is an artinian complete intersection ring without the use of any
infinitely generated modules (over Ext 4 (k, k)). However, in light of the approach of Neeman [33],
later clarified by many others like [11, 12, 39, 41] and more recently in [8, 9, 14], it is natural to
wonder if D(E) can be regarded as the compact objects in a certain “big” triangulated category
K and deduce the classification of thick subcategories in Theorem 4.2 from a classification of the
localizing subcategories of K. In upcoming work joint with Briggs, we flesh out this approach
by suitably extending Martin’s thesis to an equivalence, similar to how Stevenson extended an
equivalence of Orlov [35, Theorem 2.1] to certain big categories; cf. [41, Proposition 8.7].
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